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Abstract 

Let ^ be a local conformal net of factors on with the split property. We 
provide a topological construction of soliton representations of the n-fold tensor 
product A<Si ■ ■ ■ A, that restrict to true representations of the cyclic orbifold 

(8) • • • (8) A)'^" . We prove a quantum index theorem for our sectors relating 
the Jones index to a topological degree. Then A is not completely rational iff 
the symmetrized tensor product {A (8) has an irreducible representation 

with infinite index. This implies the following dichotomy: if all irreducible 
sectors of A have a conjugate sector then either A is completely rational or 
A has uncountably many different irreducible sectors. Thus A is rational iff 
A is completely rational. In particular, if the /i-index of A is finite then A 
turns out to be strongly additive. By [31], if A is rational then the tensor 
category of representations of A is automatically modular, namely the braiding 
symmetry is non-degenerate. In interesting cases, we compute the fusion rules 
of the topological solitons and show that they determine all twisted sectors of 
the cyclic orbifold. 
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1 Introduction 



The main theme of this paper, topological sectors in Conformal Quantum Field The- 
ory, has been the subject of interest by the authors for different reasons. 

One motivation came from the study of the sector structure in the cyclic orbifold 
associated with rational models, where the operator algebraic methods go beyond the 
analysis by infinite Lie algebras, in particular by using the structure results in [31]. 
As we shall see, a quantum index theorem by the Jones index captures an essential 
part of information here. 

Another motivation came in relation to irrational Conformal Field Theory, where 
most of the underlying structure is still to be uncovered. Also in this case, the 
algebraic approach is essential and leads to a surprising finite/uncountable dichotomy 
concerning the set of all irreducible sectors in the rational/irrational case. 

Before stating further results and consequences of our work, and explaining in 
more detail the above mentioned issues, we recall the notion of complete rationality 
[31] which is at the basis of our analysis. 

In all the present paper we shall deal with diffeomorphism covariant (irreducible) 
local nets of von Neumann algebras on S^, called conformal nets, and we explain our 
results in this framework, although weaker assumptions would be sufficient. 

Complete rationality. Let then ^ be a local conformal net on 5"^. A is called 
completely rational if 

• ^ is split, 

• ^ is strongly additive, 

• The //-index /i^ is finite. 

The first two conditions are, in a certain sense, one another dual. If Ii, I2 are intervals 
of S^, the split property states that the local von Neumann algebras A{Ii) and A{l2) 
"maximally decouple" if Ji and I2 have disjoint closures, namely A{Ii) V A{l2) is 
naturally isomorphic to A{Ii) ® «4(/2); while strong additivity requires that A{Ii) 
and A{l2) "maximally interact" if Ii and I2 have a common boundary point, namely 
A{Ii) V A{l2) — A{I) where / is the union of /i, I2 and the boundary point, see e.g. 
[42] and refs. therein ^. 

In the last condition, is the Jones index [28] of the inclusion of factors A{E) C 
A{E'y were E G and its complement E' are union of two proper disjoint intervals. 

In [58] it was shown that /x_4 < 00 when A is associated with SU (iV) loop group 
models. The general theory of complete rationahty was developed in [31]. To check 
complete rationality one may use the fact that this property equivalently holds for 
finite-index subnet [42]. 

^We shall later see that, in the diffeomorphism covariant case, strong additivity follows from the 
other two conditions. 

The symbol "V" denotes the von Neumann algebra generated. 
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One of the main points is that, if A is completely rational, then 

I^A^^d{pif , (1) 

i 

the //-index equals the global index i.e. the sum of the indeces (= squares of dimen- 
sions) of all irreducible sectors; thus A is rational and indeed the representation tensor 
category is even modular. 

One issue in this paper is to extend the above equality to non rational nets. This 
will lead in particular to a general characterization of rational nets. 

A look at the basic models constructed by positive-energy representations of the 
diffeomorphism group, the Virasoro nets Virc, gives insight here. If the central charge 
c is less then one then Virc is completely rational, as is indeed the case of all conformal 
nets with c < 1 [29]. By contrast, if c > 1 then Viif. is not even strongly additive [11] 
and has uncountably many sectors as is known, see e.g. [14]. The boundary case, Virc 
at c = 1, has uncountably many sectors and has recently been shown in [59] to be 
strongly additive. Moreover in the case c > 1 there are plenty of infinite index sectors 
[14] . We shall see that the structure manifested by Virasoro nets undergoes a general 
phenomenon. But, before this, we give a general picture of our mentioned dichotomy. 

The dichotomy. Dichotomies concerning the cardinality of various structures ap- 
pear in Mathematics. One simple example concerns a cr-algebra: it is either finite 
or uncountable. This is an immediate consequence of the basic Cantor-Bernstein 
theorem to the effect that 2^ is uncountable. 

Also elementary is the statement that a Hamcl basis for a Banach space is either 
finite or uncountable. This is due to Baire category theorem. The dichotomy holds 
because limit points are included in the structure. 

One further example is provided by a compact group. Again it is either finite or 
uncountable. Here the statement follows at once by the existence of a finite Haar 
measure, a structure property of global nature. 

As a final example consider the case of a separable, simple, unital C*-algebra 21 and 
denote by IrrSl the set of equivalence classes of irreducible representations of 21. Then 
either Irr2l consists of a single element (21 is a matrix algebra) or Irr2l is uncountable. 
This fact is a consequence of the deep theorem of Glimm on the classification of type 
/ C*-algebras [17] (if 21 has a representation not of type / then uncountably many 
irreducibles have to appear in its disintegration). 

The dichotomy in this paper is more similar in the spirit to this last example: a 
high degree of understanding of the structure is necessary to get it. 

The statement is the following. Let .4. be a local conformal net with the split 
property. Assume that every irreducible sector of A has a conjugate sector. Then 
either A is completely rational or A admits uncountably many different irreducible 
sectors. We shall later return on the consequences of this fact. 

Now, to exhibit uncountably many sectors in the irrational case, some new con- 
struction of representations has to appear at some stage. This is indeed one of the 
most interesting points. These representations are constructed topologically, as we 
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now explain. (Note that, in higher dimension spacetimes, charges of topological na- 
ture and wide localization have long been known and are natural in particular in 
quantum electrodynamics, see [9]). 

Topological sectors. Let's start with a simple observation. Let ^ be a conformal 
net and Ao its restriction to the real line M = 5'-'^ \ {C} obtained by removing a point 
( from the circle. If /i : M ^ S*^ is a smooth, injective, positively oriented map, we 
get a representation $/j of the C*-algebra U/^o(-^) (union over all bounded intervals 
of M) by setting 

^h{x) = U{ki)xU{ki)\ X e 

where kj : ^ is any diffeomorphism of that coincides with h on the interval 
/, and U is the covariance projective unitary representation of Diff(5'^). Assuming h 
to be smooth also at ±00, then is a soliton, namely it is normal on the algebras 
associated with half-lines. 

Incidentally, this gives an elementary and model independent construction of type 
III representations, see [20, 12] for constructions of type III representations in models. 

Let now f : ^ he a, smooth, locally injective map of degree n — degf > 1. 
Then / has exactly n right inverses hi, i = 0,1, .. .n — 1, namely there arc n injective 
smooth maps hi : \ {(} such that f{hi{z)) = z, z E \ {(}. The 

hiS are smooth also at ±cxd. For the moment we make an arbitrary choice of order 
ho,hi,h2, ■ ■ ■ ■ 

As just explained, we have n solitonic representations of A, hence one (re- 
ducible) soliton $/ = (g) • • • (g) of A®---®A. 

Now, if / C M is an interval, the intervals = /ii(/) C S-^ have pairwise dis- 
joint closures hence, by the split property that we now assume, there is a natural 
identification 

XI : A{Io) ® • • • ® A{In-i) ^ A{Io) V • • • V A{In-l) 

therefore we get an irreducible solitonic representation tt/ of A <^ • ■ ■ <S> A hy gluing 
together the range of by namely 

TT/,/ = Xl-^f,I ■ 

Let's say now that wc choose the /ij's so that the sequence of intervals Iq, Ii, . . . In-i 
is counter-clockwise increasing (this requirement does not depend on /). This fixes 
the order of the /ij's up to a cyclic permutation. 

If we go to the cyclic orbifold {A <Si ■ ■ ■ <Si A)^" the dependence on the cychc 
permutations disappears and we can easily verify that 

Tf = TTf t (^ ® ■ ■ ■ ® Af" 

is indeed a well-defined DHR representation with exactly n irreducible components. 
We have thus generated a family of twisted sectors for the cyclic orbifold. 

We shall further see that tt/ itself does not depend, up to unitary equivalence, 
on the ordering of the hiS, by choosing the /j's increasing as above, namely the 
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soliton sector [tt/] is an intrinsic object. In other words, if we denote by Tif^p the 
sector corresponding to another other ordering, where p € P„ is the permutation 
rearranging the /ij's, then [vr/^p] depends only on the cosets Pji/Z^j. The conjugate 
sector of TT/ corresponds to the clockwise ordering of the /ij's. 

A quantum index theorem. The soliton representation tt/, and its DHR restriction 
Tf, depend on / only up to unitary equivalence. In a sense these topological sectors 
play a role similar to the Toeplitz operators (see e.g. [1]) in the framework of Fred- 
holm linear operators, where the analytical index coincides with the degree deg/. ^ 
As explained in [41], Doplicher-Haag- Roberts locahzed endomorphisms [18] may be 
viewed as a Quantum Field Theory analog of elliptic operators, in the context of a 
quantum index theorem. The topological sectors provide a good illustration of this 
point. Denoting by rj*\ i e the n direct summands of t/, we have 

Index(Tf ) = Index(7r/) = i^X^ . 

Here the index is the Jones index [28], the analog of the Fredholm index [36, 37], fij^ 
is the above structure constant for A, and n = deg/ is the topological index, which 
is manifestly deformation invariant. 

As we shall see, more general topological sectors arise from non-vacuum represen- 
tations. The index and further structure of these sectors will be determined. 

Most of the results in this paper depend, maybe implicitly, on the above index 
formulas. 

The structure of the sectors. At the infinitesimal level, the twisted sectors of the 
cyclic orbifold have already been considered in the papers [2, 7] in the framework of 
Kac-Moody Lie algebras. To study the structure of the tensor category of topological 
sectors, it is however necessary to have the sectors in global exponential form and a 
general theory at one's disposal, as provided by our approach. 

In Section 8 we shall determine all the twisted irreducible sectors of the n-cyclic 
orbifold and give a detailed account of the fusion rules of the topological sohtons, in 
the cases n = 2,3, 4, for a general completely rational net. The method of a-induction 
[44, 54, 4, 6] is here essential. 

What undergoes the structure of sectors is the covariance symmetry. The Lie 
algebra of Diff(S'^), namely the Virasoro algebra at c = with generators L„ and 
relations 

has an endomorphism, for each positive integer k, given by 

k 

see [7, 51]. As we shall see, this corresponds to an embedding of the fc-cover of 
DifF(5'^) into Diff(5'^). The covariance projective unitary representations are obtained 

^Here, however, the underlying space (net) depends on deg/. 
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by composing with this embedding the original representation (of the vacuum or of a 
non-trivial sector). 

Rationality, modularity, strong additivity, sectors with infinite index. The above 
described dichotomy has the following corollary A conformal net A with the split 
property is rational, in the sense that the representation tensor category has only 
finitely many inequivalent irreducible objects and all have a conjugate, if and only if 
A is completely rational. 

All results obtained for completely rational nets [31] then immediately apply to 
rational conformal nets. Among them we only mention that a rational conformal 
net has a modular representation tensor category, namely the braiding symmetry is 
automatically non-degenerate. The modularity property is at the basis of most of the 
analysis in Conformal QFT and is often taken for granted or implicitly conjectured 
to hold, see e.g. [23] . 

Note that our work shows in particular that a conformal net with the split property 
and finite yU-index is automatically strongly additive or, equivalently, Haag dual on 
the real line. To understand the interest of this result, note that the strong additivity 
property is crucial for many results and often one of the hardest point to prove, see 
[56, 42, 59, 14]. As suggested by Y. Kawahigashi, strong additivity can be thought as 
an amenability property; our result supports this view. Our proof makes use of basic 
properties of simple subfactors [35]. 

A further consequence is that the equality (1) between the yU-index and the global 
index holds true for any diffeomorphism covariant local net with the split property 
(regardless /x_4 is finite or infinite), a non-trivial useful result at the basis of our work. 

Last, we state the following characterization of being not complete rationality: a 
conformal net A with the split property is not completely rational if and only if the 
2-orbifold net {A® A)^^"^ admits an irreducible sector with infinite index. 

General properties of sectors with infinite index were studied in [24], but first 
examples were constructed by Fredenhagen in [22]. Indeed, as mentioned. Carpi 
[13, 14] has recently shown that irreducible sectors with infinite index appear in the 
Virasoro nets Vir^ if c > 1, as suggested by Rehren in [48]. (By contrast notice that, 
in QFT on Minkowski spacetime, all irreducible DHR sectors with an isolated mass 
shell have finite dimension [9]). 

Our general construction of infinite index irreducible sectors is natural and surpris- 
ing. Consider indeed the case of the net A associated with the C/(l)-current algebra. 
All sectors are known in this case [10], the irreducible ones all have index 1 and form 
a one-parameter family. Thus, by [31], A® A has only a two-parameter family of 
irreducible sectors, all with index 1. Yet, the "trivial" passage to the index 2 subnet 
{A ® ^)^'P makes infinite index sectors to appear. Note that one of Fredenhagen's 
examples is similar in the spirit, but concerns the infinite index subnet {A® A)^^^'^'' . 

At this point we close our expository part and refer to the rest of the paper for a 
detailed account and further results. See [27, 53] as reference books. 
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2 On the symmetry groups 

We shall denote by Diff(5'^) the group of orientation preserving smooth diffeomor- 
phisms of 5^ = {2; G C : \z\ = 1}. Diff(S'^) is an infinite dimensional Lie group 
whose Lie algebra is Vect(S'^), the Lie algebra of smooth vector fields on the circle. 
The complexification Vectc(>S'^) of Vect(5'^) has a basis with elements L„ = 
n e Z, satisfying the relations 

[Lm: K] = (m - n)Lm+n- (2) 

We shall consider Vectc(>S'^) as a Lie algebra with involution 
SU{1, 1) is the group of 2 x 2 matrices defined by: 



(3) 



SU{1, 1) acts on by hnear fractional transformations: 

az-\- (5 



az + P 

9{z) = 5 , _ , (4) 



where g — ■ This action factors through a faithful action of PSU{1,1) = 

SU{1,1)/{±1} on S\ 

The corresponding diffeomorphisms z i— > g{z) constitute a subgroup of Diff(5'^), 
the Mohius group Mob, isomorphic to PSU{1,1). SU{1,1) is a double cover of 
PSU{1, 1), thus PSU{1, 1) and SU{1, 1) are locally isomorphic, they have the same 
Lie algebra s£(2,]R). The complexified Lie algebra s£{2,C) of s£(2,M) has generators 
L_i,Lq,Li satisfying the relations 

[Li, L_i] = 2Lo, [L±i, Lq] — ±L±i. 

Therefore the elements L_i, Lq, Li of Vectc(-S'^) exponentiate to a subgroup of Diff (5^) 
locally isomorphic to Mob. As exp(27rLo) is the identity of Diff(S'^), this group is in- 
deed isomorphic to Mob. Vectc(5'^) contains infinitely many further copies of si{2, C); 
for a fixed integer n > we get a copy generated by the elements !/_„, Lq, Setting 

= |-| ^m, m = n,-n,0, (5) 

we have indeed the relations 

[L;, L'_J = 24, [L^„, 4] = ±4„. (6) 
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The Lie subgroup of Diff (S*^) corresponding to Lq, Ln is thus a cover of Mob. As 
exp(27rnLQ) = exp(27rLo) is the identity, this group is then isomorphic to Mob*^"'', the 
n-cover group of Mob. Thus there is a natural embedding 

M(") : Mob^'^) ^ Difr(5i) . 



With g 



^ f ) e SU{1, 1) we shall see that M^"^ e Difr(5^) is formally given by 



(7) 



if wc locally identify SU{1, 1) and Mob^"^ 
Denote hy g ^ g the quotient map Mob*-"^ 



Mob. 



Proposition 2.1. There is a unique continuous isomorphism M^"^ of Mob^"^ into 
Diff(5'-^) such that the following diagram commutes for every g e Mob^'*) 



(8) 



i.e. M, 



= Mgiz"") for all z e S\ 



Denote by ^/i the n''^-root function on the cut plane C \ (— cxd,0]. For a fixed 
g e PSU{1,1), the map fg : z e S'^ t-^ ^ winding number n. The 

Riemann surface E„ associated with the function ^/z is a n-cover of C \ {0}, we may 
thus lift fg to a one-to-one map fg from to the elements of E„ projecting onto 
on C \ {0}. The lift is uniquely determined as soon as we specify the value fg{l) 
among the n elements of S„ projecting onto 

Let V be a connected neighborhood of the identity in PSU{1, 1) such that fg{l) G 
\ {—1} for all g e V. Then we define fg ior g e V by requiring that fg{l) — 
/,(l) eC\(-oo,0] cE„. 
We then set 

(9) 



Choosing a neighborhood Vq of the identity in PSU{1, 1) such that Vq • Vq C V we 
then have 



namely we have a local isomorphism of Vq C PSU{1, 1) into Diff (S*^), and this extends 
to a global isomorphism of Mob*-"-* into Diff(S'^), still denoted by M*^"\ 
Clearly M^''\zY = Mg{z^) for all zeSUigeV. 
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Note that for any g e PSU{1,1) and g e Mob*^"^ projecting onto g, we have n 
difFeomorphisms 

i?(^)M("), fc = 0,l,---n-l . (10) 

corresponding to the other possible choices of g. Here R is the rotation one-parameter 
subgroup of Mob. Thus Mg{z)" is independent of the pre-image g of g. It follows by 

the multiplicative property that M^"'\z)'' = Mg{z'') for all z e and all g e Mob^"^. 

Concerning the uniqueness of M^") note that m}"^ = I because M^") is an isomor- 
phism. By continuity Mg'^\z) e 5"^ \ {— 1} for in a neighborhood U of I and this 
determines M^"^ on U, hence on all Mob^"^. □ 

Of particular interest is the case n — 2. Mob^^^ is isomorphic to SU{1, 1) and we 
thus have an isomorphism 

M(2) : 5t/(l,l) Diff(^i) . (11) 

We shall often identify PSU{1, 1) with Mob and SU{1, 1) with Mob^^^ 
We now extend the above proposition to general diffeomorphisms. 
Denote by Diff '^"•'(S'^) the n-central cover group of DifF(S'^). The group Diff(")(5i) 

is obtained from DifF^"^(5'^) similarly as Mob^"^ is obtained from Mob (the 1-torus 

rotation subgroup lifts to its n-cover), but we shall soon give an explicit realization 

of Diff(")(5^). 

The universal cover group Diff(~)(5i) of BiS{S^) is the projective limit 

Difr(°°)(5^) = limDifr(")(,5^). 

If n e N, the map 

Vectc(5') ^ Vectc(^'), ^ -L^m 

n 

defines an injective endomorphism of Vectc('S'^). Its inverse corresponds to a an 
embedding 

M(") : Difr(")(,S^) ^ DiS{S^) 

that extends the one in (8) (still denoted by the same symbol). 

Denote by g ^ g also the quotient map Diff*^"^(5'^) DifF(5'^). We then have: 

Proposition 2.2. There is a unique continuous isomorphism M^"^^ of Diff (S*^) 
into DifT(S'^) such that the diagram (8) commutes for every g G Diff(")(5i), namely 
Mi''\zY = Mgiz"") for all z e and g e Dif[{S^). 

M(") is the unique isomorphism of DiS^''\S^) into Diff(5^) such that M(") \ 
Mob*^"^ is given in Prop. 2.1. 

Proof The proof is analogous to the proof of Prop. 2.1. □ 
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The Virasoro algebra is the infinite dimensional Lie algebra generated by elements 
{Ln I n e Z} and c with relations 

[Lm, Ln] = (m - n)Lm+n + -^i"^^ ~ m)5m-n- (12) 

and [Lni c] = 0. It is the (complexification of) the unique, non-trivial one-dimensional 
central extension of the Lie algebra of Vect(S'^). 

The elements L_i,Lq,Li of the Virasoro algebra are clearly a basis of si{2,C). 
The Virasoro algebra contains infinitely many further copies of si{2, C), generated by 
the elements L'_„, Lq, L^, n > 1, where 

Ln = ^^Ln, n^O, (13) 

4--^o+^^^. (14) 
n 24 n 

For any fixed integer n > we have 

[L'^,L'_J^2L'„ [L'^^,L',]^±L'^^ (15) 

which are indeed the relations for the usual generators in s£(2, C). 

There is a one-to-one correspondence between projective irreducible unitary rep- 
resentations of Diff(S'^) and irreducible unitary representations of Diff'-°°-'(S'^). 

We shall be interested in positive energy (Lq > 0) representations of the Vira- 
soro algebra which are unitary (i.e. preserving the involution). They correspond to 
projective unitary representations of Diff(5'^) with positive energy. 

Given a projective unitary representation U of Diff(S'^) and a fixed n G N, we 
obtain a projective unitary representation C/^") of Diff*^"''(S'^) 

[/W = u ■ M(") . (16) 

(There is an analogous passage from unitary representations of Mob to unitary rep- 
resentations of Mob*^"-*.) 

Starting with a positive energy, unitary representation U of the Virasoro algebra 
with central charge c, it can be easily seen that the above construction (16) gives 
a positive energy, unitary representation U^^^ of the Virasoro algebra with central 
charge nc. This will also be clear by the content of this paper. 

3 Conformal nets on 

We denote by X the family of proper intervals of S^. A net A of von Neumann algebras 
on is a map 

IeI^A{I) GB{n) 
from X to von Neumann algebras on a fixed Hilbert space H that satisfies: 
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A. Isotony. If h C h belong to 2, then 

A(h) c Aih). 

U E C is any region, we shall put A{E) = \/^-^j^jA{I) with A{E) = C ii E has 
empty interior (the symbol V denotes the von Neumann algebra generated). 
The net A is called local if it satisfies: 

B. Locality. If /i, /2 G X and Ii H I2 = then 

[A{hlA{h)]^{Oh 

where brackets denote the commutator. 

The net A is called Mobius covariant if in addition satisfies the following properties 
C,D,E,F: 

C. Mobius covariance. There exists a strongly continuous unitary representation 
U of Mob on 7i such that 

U{g)A{I)U{g)* = A{gl), g e Mob, I el. 

D. Positivity of the energy. The generator of the one-parameter rotation subgroup 
of U (conformal Hamiltonian) is positive. 

E. Existence of the vacuum. There exists a unit [/-invariant vector Q E7i (vacuum 
vector), and fl is cyclic for the von Neumann algebra \/ j^j-A{I). 

The above axioms imply Haag duahty (see [8]): 

A(iy^A{I'), I el, 
where /' is the interior of 5*^ \ /. 

F. Irreducibility. \/j^jA{I) — B{7i). Indeed A is irreducible iff Q is the unique U- 

invariant vector (up to scalar multiples), and iff the local von Neumann algebras 
A{I) are factors. In this case they are Illi-factors (unless A{I) = C identically), 
see [25]. 

By a conformal net (or diffeomorphism covariant net) A we shall mean a Mobius 
covariant net such that the following holds: 

G. Conformal covariance. There exists a projective unitary representation U of 
Diff(5'^) on H extending the unitary representation of PSU{1, 1) such that for 
all / e X we have 

U{g)A{I)U{gr = A(gl), g e DiS(S'), 
U{g)xU{gY ^ X, xe A{I), g e Diff(7'), 
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where Diff(J) denotes the subgroup of smooth diffeomorphisms g of such that 
g{z) = z for all z e /'. 

A representation tt of ^ on a Hilbert space 7i is a map / e X i— > tt/ that associates 
to each I a normal representation of A{I) on B(H) such that 

7rj\A{I)^7ri, Ici, /,/cX. 

TT is said to be Mobius (resp. diffeomorphism) covariant if there is a projective unitary 
representation C4 of Mob (resp. Diff^°°^(S'^)) on H such that 

ngi{U{g)xU{gr) = U^{g)Tii{x)UM* 

for all / G J, X G A{I) and g G Mob (resp. g G Diff Note that if vr 
is irreducible and diffeomorphism covariant then U is indeed a projective unitary 
representation of Diff (5'^). 

Following [18], given an interval / and a representation tt of A, there is an endo- 
morphism of A localized in / equivalent to tt; namely p is a representation of A on 
the vacuum Hilbert space 7i, unitarily equivalent to tt, such that pp = id \ A{I'). 
We refer to [25] for basic facts on this structure, in particular for the definition of the 
dimension d{p), that turns out to equal the square root of the Jones index [36]. The 
reader will also find basic notions concerning sectors of factors at the beginning of 
Sect. 8 or in [32]. 

3.0.1 Restriction to the real line 

Denote by Iq the set of open, connected, non-empty, proper subsets of M, thus / G 2o 
iff / is an open interval or half-line (by an interval of K we shall always mean a 
non-empty open bounded interval of M). 

Given a net A on we shall denote by its restriction to M = 5^ \ Thus 
^0 is an isotone map on Tq, that we call a net on R. 

A representation tt of on a Hilbert space His a map I E Tq tti that associates 
to each 7 G Xq a normal representation of A{I) on -B(7i) such that 

7rj[^(/) = 7r/, /C/, /,/gXo- 

A representation tt of Aq is also called a soliton^. 

Clearly a representation tt of ^ restricts to a soliton ttq of Aq. But a representation 
ttq of ^0 does not necessarily extend to a representation of A. 

3.1 Normality for a- induction 

Let ^ be a Mobius covariant net and B a subnet. Given a bounded interval Iq G Tq we 
fix canonical endomorphism 7/^ associated with B{Io) C A{Io). Then we can choose 

•^There are more general soliton sectors, namely representations normal on left (resp. right) 
half-lines, but non-normal on right (resp. left) half-lines. These will not be considered in this paper. 
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for each I G Tq with I D Iq a canonical endomorphism 77 of A{r) into B{I) in such 
a way that 7/ \ A{Io) = 7/0 and A/j is the identity on if /i e Xq is disjoint from 

/o, where A/ = 7/ \B{I). 

We then have an endomorphism 7 of the C*-algebra 21 = U/^(/) (/ bounded 
interval of M). 

Given a DHR endomorphism p oi B localized in Iq, the a-induction ap of p is the 
endomorphism of 21 given by 

ttp = 7"^ • Ad£(p, A) • p • 7 , 

where e denotes the right braiding unitary symmetry (there is another choice for a 
associated with the left braiding), ap is localized in a right half-line containing Jq, 
namely ap is the identity on A{I) if / is a bounded interval contained in the left 
complement of Iq in M. Up to unitarily equivalence, ap is localizable in any right half- 
line thus ap is normal on left half-lines, that is to say, for every a e M, ctp is normal 
on the C*-algebra 2l(— oo,a) = U7c(-oo,a)>^(-^) bounded interval of R), namely 
ap f 2l(— 00, a) extends to a normal morphism of A{—oo, a). 

We now show that ap is normal on right half-lines. To this end we use the fact 
that our nets on M are restrictions of nets on S^. 

Proposition 3.1. ap is a soliton endomorphism of Ao- 

Proof It is convenient to use the circle picture, thus Iq C \, say Iq — (a, b) 

where a,b G \ { — 1}, and b > a in the counterclockwise order (intervals do not 
contain —1). Let an,bn G \ { — 1} with a < b < an < bn and p„ an endomorphism 
of B equivalent to p and localized in (a„, With Un G B{a, bn) a unitary such that 
Pn = Adun ■ p, we have 

ap \A{c, an) = Adti* \A{c, an), 

for every c < a. Going to the limit c —>■ — 1~, 6„ —>■ — l"*" the above gives the definition 
of ttp on the C*-algebra 21 originally given in [50]. 

Wc want to show that ap |"2l((i, —1) extends to a normal map of ^(—1, d) for any 
given d 7^ —1. 

Now, as B is defined on S^, we may push the interval {an,bn) even beyond the 
point —1. Namely we may choose an interval {a',b') with —1 < a' < b' < a, an 
endomorphism p' of B equivalent to p localized in {a',b'), and a unitary u G B{a,b') 
such that p' = Adu ■ p. Then ap \ 2l(a, — 1) = Adu* \ 2l(a, — 1), showing that ap 
extends to a normal morphism of A{a, —1). Of course we may take a smaller a in the 
definition of Iq, thus ap is normal on all right half-lines. □ 

3.2 CMS property 

In this section ^ is a Mobius covariant local net on S^. We shall say that A has 
property CMS if it admits at most countably many different irreducible (DHR) sectors 
and all of them have finite index. 
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Let /5 be a vacuum preserving, involutive automorphism of A and B = C A 
the fixed-point subnet. The restriction of A and i3toM = 5'^\{ — 1} are denoted by 
^0 a-nd Bq as above. 

We denote by [a] the sector of B dual to /3. Choosing an interval Iq cM. there is 
a unitary 

V e A{I), V* = V, I3{v) = -V . 

Then a = Adv is an automorphism of B localized in Iq. We have d{a) — 1 and 
a^ = l. 

Given a DHR endomorphism n of B localized in an interval Jq C M, we denote as 
above by the right a-induction of n to Ao- Recall that in general is a soliton 
sector of ^o- With a) the right statistics operator, the condition for to be 
localized in a bounded interval of M, i.e. to be a DHR endomorphism of A, is that the 
monodromy operator s{ij,,a)s{a, n) = 1. If is localized left to a, then e{a, /i) = 1, 
so we have: 

Proposition 3.2. Let be localized in an interval I G M. in the left complement of 
Iq in R. Then is a DHR sector of A iff e{fi, a) = 1. 

Proof Let Ji be an interval of M in the right complement of Jq, /u' an endomorphism 
of B locahzed in Ji and u G Hom(/x, /i') a unitary. Then ij,{x) = Adu*{x) for all 
X e ,B(/2) if /2 is an interval left to h. 

We then have an{x) = Adu*{x) if x e A{l2)- It follows that is locahzed in Ii 
iff acts trivially on .4(/o). As .4(/o) is generated by B{Io) and v, this is the case iff 

Oif^iv) — V u*vu — V e{ii, a) — u*a{u) — 1 . 

□ 

Let /J, be an irreducible endomorphism localized left to a. As a) e Hom(yU(T, afi) 
and (T and fi commute, it follows that e{fi, a) is scalar. Denoting by i the identity 
sector, by the braiding fusion relation wc have 

1 = t) = e(i_i^ a^) = a{e{n, a))e{i^, a) = e{n, a)e{n, a) , 

thus e{fi, a) = ±1. 

If is not necessarily irreducible, we shall say that fi is a-Bose if a) = 1 and 
that n is a -Fermi if cr) = —1. As we have seen, if fi is irreducible then fi is either 
(T-Bose or cr-Fermi. 

Corollary 3.3. Let /i, v he DHR sectors of B. If /i, v are both a-Fermi, then is 
a DHR sector of A. 

Proof Wc may assume that both ^ and u are localized left to a. By the braiding 
fusion relation wc have 

£(/xi/, cr) = /-lislu, a))s{iJ,, a) = e{p, o')e{iJ,, a) = 1 . 

□ 
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Lemma 3.4. Let ji he a a-Bose sector ofB. Then ji has a direct integral decomposition 
into irreducible a-Bose sectors. 

Proof is a cr-Bose sector of A, thus has a direct integral decomposition into 
irrreducibles [31], say = f ntdm(t). Since C .4. is a finite- index subnet, the 
restriction of Tit to B is the sum of finitely many irreducible o"-Bose representations, so 
the restriction of to B has a direct integral decomposition into irreducible cr-Bose 
sectors. By Probenius reciprocity (cf. Th. B.2) // is contained in the restriction of 
to B and we are done. 

Corollary 3.5. Assume A to have property CMS, then B has property CMS. 

Proof First suppose that B has an irreducible cr-Bose sector /j, with = oo. Then 
q;^ is a DHR sector of A with c/(ck^) = d{fi) = oo. 

As A has property CMS, there is an irreducible finite-index DHR sector A of .A 
with A -< a^. 

By Probenius reciprocity we have the equality between the the dimensions of the 

intertwincrs spaces {a^,\) = {fJ,,'y\ \ B), thus ^\ \ B >~ fi. As d^jX \ B) < oo 
then d{fj,) < oo and this shows that B has no irreducible cr-Bose sector with infinite 
dimension. 

Suppose now that B has uncountably many cr-Bose irreducible sectors {/Xj} with 
finite dimension. As A has property CMS there must be an irreducible finite di- 
mensional DHR sector A such that a^. >- A for uncountably many i. By Frobenius 
reciprocity /ij -< '~fX\B, thus d{'~fX \ B) = oo, which is not possible because d{X) < oo. 
Thus A admits at most countably many inequivalent irreducible cr-Bose sectors and 
all have finite dimension. 

Suppose now that /i an is irreducible, cr-Fermi and infinite dimensional sector of 
B. Then fifi is cr-Bose. Now B inherits the split property from V (this is rather 
immediate, sec [42]) so fifi has a direct integral decomposition into irreducible sectors 
that must be almost everywhere cr-Bose because jlii is cr-Bose. 

By what we have proved above, ftfj, is then a direct sum of finite dimensional cr- 
Bose sectors, and analogously the same is true for up,, and this entails < oo as 
in of Lemma 3.6. 

It remains to show that B cannot have uncountably many cr-Fermi irreducible 
sectors {/^j} with finite dimension. On the contrary for a given io there should exist 
uncountably many i and a fixed finite dimensional irreducible sector X oi B such 
that /liQ/ii >- X because we have already proved that there are at most countably 
many finite dimensional cr-Bose irreducible sectors. By Frobenius reciprocity then 
A/ijQ >- fii, which is not possible because di^^i^) < oo. 

This concludes our proof. □ 

Lemma 3.6. Let M be a factor and p G End(M) an irreducible endomorphism. If 
there are a, a' e End(M) such that pa y /i and a'p >- p' with p, p' finite index 
subsectors, then d{p) < oo. 
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Proof With p' = aap G End(M), we have pp' = paap >- pp >- l. Analogously there 
is p" e End(M) such that p"p >- l, thus p has finite index by the criterion on the 
existence of the conjugate sector in [37]. □ 



4 Canonical representation of ^ 

For simplicity we shall now consider the 2-fold tensor product, which is however 
sufficient for most of the applications. We shall return on this point in later sections 
and have a more general analysis in the case of arbitrary n-fold tensor product. 

We shall say that a set C is a symmetric 2-interval ii E = Ii U I2 where 
hjh ^1 are interval of with length less than tt and I2 = R{ti)Ii = —Ii. The set of 
all symmetric 2- intervals is denoted by X^^^ . 

Given an interval I then 

E = ^/l = {zeS^\z^ el} 

is a symmetric 2-interval. Conversely, given a symmetric 2-interval E — IiU I2, then 
/ = = /| is an interval and E = ^/l, thus there is a bijection between X and X^^^. 

In the following A denotes a diffeomorphism covariant, local net of von Neumann 
algebras on S^. We denote by U the associated projective unitary representation of 
DiS{S^). 

We assume the split property. 

Given C ^ "S"^, we shall denote by the square root function on with a 
discontinuity in (, namely z e ^ '^/i G is the unique function such that 
( '^yi^)^ = z, *^/T = 1, is continuous at all z ( and continuous from the right 
(counterclockwise) at z — 

Let 7 C 5"^ be an interval and set = G E = hUh- Given ( eT we 
choose the two components of E so that Ii = '^^7, I2 = — '^^Z = R(ti)Ii- 

Let h G Diff(5^) be such that h{z) = z e I (cf. [52]) and set h{z) = -h{z). 
Clearly h G Diff(5^) and h{z) = -^^, zel. Setting 

$P = AdU(h) \A(I), (17) 
= AdU(h) \A(I), (18) 

by difi^comorphism covariance are isomorphisms of A{I) with A{Ii) and with 

Aih). 

Proposition 4.1. Let 7 G X and C, ^ I ■ We have: 
(a) ^P do not depend on the choice of h. 
{h) ^MU{R{'K))-^f. 
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(c) If C ^ /, then ^f'^ = <I>P or ^f'^ = Denote by [(,(') the interval of 

in the counterclockwise order and assume (C, C) % I- Then = $f ^ iff 

Proof (a): Let k E Diff (S*^) be such that k\I = Then k-'^-h\ I is the identity, 
thus V = U{k-^ ■ h) e A{I') and AdU{h) \A{I) = MU{k)V \A{I) = MU{k) \A{I). 
ih): We have 

= AdUQi) \A{I) = AdC/(i?(7r) • h) \A{I) 

= AdU{R{7r))AdU{h) \A{I) = AdU{R{7r)) ■ <^f\ (19) 

(c) : The restriction of /i to J does not vary as long we choose another C ^ ^ such 
that ''^^ = '^/i for all z E I, thus -* = for such Otherwise h{z) changes 
to —h{z), z & I, and then ■* = . The rest is now clear. □ 

We now set tt^ = xi ■ {^f ^ ® ^f^)} where xi is the canonical isomorphism of 
A{Ii) ® ^(-^2) with A{Ii) V A{l2) given by the split property. In other words ttP is 
the unique isomorphism of A{I) ® A{I) with A{Ii) V Aih) such that 

7r}^^(a;i (g) X2) = ^f\xi)^f\x2), xi,X2 G ^(/) . (20) 

Proposition 4.2. Let I C I be intervals and C ^ I- Then nf^ \ A{I) ® A{I) = tt^. 

Proof Immediate by the above Proposition 4.1. □ 

Corollary 4.3. Let I be an interval and (, (' ^ J. Then either T:f ■* = tt}^'' or 
where a is the flip automorphism of A® A. 
The first alternative holds iff C both belong or both do not belong to the closure 
of the connected component 0//' \ {1} intersecting the upper half plane. 

Proof If = then also <^f''' = and then clearly nf'^ = irfK 
Otherwise ^f'^ = thus = ^f'\ and we have 

7rP(a(a;i 02:2)) = ^f\x2)^f\xi) = ^f\xi)¥f\x2) 

^TlP{xi®X2), xi,X2eA{I). (21) 

The rest follows by Prop. 4.1. □ 

In the following we shall denote the net A(E) Ahj V. 

As usual we may identify 5^ \ {— 1} with IR by the stereographic map. Let ^0 be 
the net on R obtained by restricting ^ to 5"^ \ { — 1}. We denote by tt the restriction 
of 7r(^=-^) to Vo^Ao® A- 
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Proposition 4.4. n is a representation oJVq. Indeed tt is an irreducible soliton. 

Proof That tt is a soliton representation follows from Prop. 4.2 and the fact that 
tt'-''^ is normal on X>(7) for every interval I not containing C, including the case C, & I 
(half-lines). 

Now 7r{Vo{I)) = A{E) where E ^ ^/l, thus 

V 7r(Po(/)) = V -^(^) = ^ -^}) = ^(^) 

because A is 2-regular by Haag duality and the factoriality of the local von Neumann 
algebras, so tt is irreducible. □ 

By Prop. 4.4 tt is a representation of Vq, namely tt is consistently defined on all 
von Neumann algebras "Dq with I G M. either an interval or an half-line. However tt 
is not a DHR representation of "Dq namely, given an interval /q C M, tt is not normal 
on the C*-algebra D(/o) = Ui^ifV{I) (/ interval of M). 

As Vq satisfies half-line duahty, namely 

'Do(— CO, a)' = "Dolo, oo), a e M, 

by the usual DHR argument [18] tt is unitarily equivalent to a representation p of Vq 
on 7i ® 7i which acts identically on 'Do(— oo, 0), thus p restricts to an endomorphism 
of Po(0,oo). 

Proposition 4.5. Setting M = Po(0, oo), the inclusion p{M) <Z M is isomorphic to 
the 2-interval inclusion A{E) C A{E) . 

Proof In the circle picture with ^ = — 1, setting / = (the upper semicircle) and 
E = \/l,we have M = V{I) and 

A{E)^nP{V{I)), A{E')^4\V{I% 

thus we have an equality of inclusions: 

{A{E) c A{E)} = (vrf (P(/)) C vrJP (©(/'))'} ■ 

As TT is unitarily equivalent to p and pp is the identity on T>{I'), the second inclusion 
is isomorphic to 

{pi{V{I)) C Pr{V{r))'] = {pi{V{I)) C V{iy} = {pi{V{I)) C V{I)} . (22) 

□ 
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4.1 Canonical representation of {A^A}^^^ 

We shall denote hy B = {A<SiA)°' the fixed-point subnet of T> with respect to the flip 
symmetry a. 

By Prop. 4.3 \B{I) = nP \B{I) for all (, C ^ I, therefore 

n = ttP \B{I) 

is independent of ^ / and thus well defined. 

Recall that the spin of a Mobius covariant representation is the lowest eigenvalue 
of the conformal Hamiltonian Lq in the representation space. 

Corollary 4.6. t : I ^ tj is a (DHR) diffeomorphism covariant representation of B 
(with positive energy). The covariance unitary representation is given by 

C/(2) = U ■ M(2) 

(see Sect. 2), where U is the covariance unitary representation associated with A. 

T is direct sum of two irreducible diffeomorphism covariant representations with 
spin c/16 and 1/2 + c/16. 

Proof It follows by Prop. 4.4 that r is a representation. 

We shall show that the projective unitary representation C/^^^ = U • M^^^ of 
DiS^^\S^) implements the covariance of r, namely, setting U{g) = U{g)<S> U{g), 

T,j{U{g)xU{gr) = U^'\g)Tj{x)U^'\g)\ lel^xE B{I),g E DiS^'\S') . 

The above formula will follow if we show that 

7rfP{U{g)xU{gr) = U^'\g)nP {x)U^'\gr , Iel,xe V{I),g e DiS^'\S'), 

for some ( ^ IX' ^ qI-, and indeed it will suffice to verify this lor x — Xi ® 1 or 
x = 1 (8) ^2, Xi, ^2 e A{I). Suppose X — Xi ® 1: 

U^^\g)nP{x)U^^\gy = AdU^''\g)<!>f\xi) = MU^^\g)U{h){xi) 

= AdU{h,)U{g){x,) = n^f{U{g)x,U{gr) = T^f\u{g)xU{g)*) (23) 

where h{z) = on I and hg{z) = ^ on gl (see Prop. 2.2). 
The computation in the case a; = 1 a;2 is analogous. 

Concerning the last statement, set Q3o(M) for the C*-algebra U/i3(/) (/ bounded 
interval) and analogously for So and note that 

C = 7r(S)o(M))' = {r(®o(M)),^(t^)}'. 

Thus Ad7r(w) acts ergodically on r(?Bo(M))'. Since t;^ = 1, dim(r(<Bo(M))') < 2. As 
[/(2)(i?(27r)) = U{R{t^)) belongs to t(Q3o(M))', we have dim(r(Q3o(M))') = 2, thus r 
has exactly two irreducible direct summands. 

The spin of these two representations is now soon computed by formula (14). 

□ 
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Lemma 4.7. Let A be a local, split conformal net with the CMS property. Then 
IJ'A < oo. 

Proof The CMS property holds for V by [31] (irreducible sectors of T> are tensor 
product of irreducible sectors of A). Thus for B by Cor. 3.5. 

Now T is the sum of two irreducible representations, thus, by the CMS property, 
r has finite index. 

With I ^ S+ and E ^ y/l we have: 

A{E) = Tvmi)) 3 rriB{I)) (24) 
A{E') = 7Tr{V{I'))DTr{B{I')) (25) 

thus 

Ti{B{I)) c A{E) c A{E) c Tr{B{I')y , 
but Ti{B{I)) C Tr{B{r))' has finite index and this entails [A{E) : A{E)] < oo. □ 

Recall that a local net A is said to be n-regular if 21(5'^ \ F) is irreducible if 
F G is a finite set with n points, namely inF=0A{I))' = C (/ G I). 

It is immediate that, if A is conformal, n-regularity does not depend on the choice 
of the n-point F set and 

A is 2n-regular A{E) C A{E) is irreducible (26) 

where E is any n-interval. 

Lemma 4.8. Let A be a local, split conformal net. // /i_4 < oo then the 2-interval 
inclusion A{E) C A{E) is irreducible. Thus A is 4-fegular. 

Proof By Prop. 4.5 we have to show that pi{V{I))' fl V{I) = C. This would follow 
from the theorem on the equivalence between local and global intertwiners [25], but 
p is not a DHR representation and that theorem does not apply here directly, but it 
will nevertheless give the result. 

Let T e Pi{V{I))' n V{I) = {pi{V{I)) V pr{V{I')))'. Then T e di{B{I)) V 
6j'{B{I')), thus T G 9{^)' due to the equivalence between local and global intertwin- 
ers, because p [i3 is a covariant, finite-index representation. 

On the other and Tpi{v) = pi{v)T, thus T commutes with {pf{B{I)), pf{v)}" ~ 
Pj{T>{I)) for all intervals I D I and T is a scalar because p is irreducible. □ 

We now state and begin to prove the dichotomy. 

Theorem 4.9. Let A be a local conformal net with the split property. Assume that 
every irreducible sector of A is finite dimensional. We then have the following di- 
chotomy: Either 

(a) A is completely rational or 
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(6) A has uncountably many different irreducible sectors. 

Proof Assuming that A has the CMS property, we have to show that A is completely 
rational. By Lemma 4.7 //_4 < oo, thus we have to show that, for a local conformal net 
with the split property, the implication "/i^ < oo =^ strong additivity" holds. This 
will be the content of Section 5. □ 



4.2 The canonical endomorphism of the n-interval inclusion 

In this section A is again a local conformal net with the split property and T> = A(E)A. 
Our results have direct extension to the case of a general n-fold tensor product, but 
we deal with the case n = 2 for simplicity, but in the last corollary. 

We keep the above notations, thus tt is the canonical representation of Pq and p 
is a soliton endomorphism of Vq equivalent to tt and localized in S~^. The conjugate 
sector p of p is given by [p] = [j ■ p-j] where j = Ad J with J the modular conjugation 
of {A{S~^), Q) [25]. Note that j ■ p ■ j is localized in the lower semicircle but, as p 
is normal on A{S~), we can choose, in the same unitary equivalence class oi j ■ p ■ j, 
an endomorphism p localized in A{S^). 

Proposition 4.10. pp is a soliton oJVq localized in . 

Proof The statement is clear by the above comments, as both p and p are solitons 
localized in S""*". □ 



Denote by A^; the dual canonical endomorphism associated with the inclusion 
A{E) ^A{E). 

Proposition 4.11. Let p he localized in the right half-line / cM~5'^\{ — 1}. // 
l}D/D/z5a half-line, the two squares of inclusions 

V{I) c V{i) A{E) c A{E) 

U U and U 

pi{V{I)) C pj{V{i)) A{E) C A{E) 

are isomorphic, where E = \fl , E = \fi . 

If p is also localized in I the isomorphism ttj : T>{I) —>■ A{E), interchanges [pipi \ 
V{I)] and [\e]. 

Proof Let f/ be a unitary from 7i to 7i ® ?i such that tt// = Adf/ \ T>{I'). Then 
we can assume pi = AdU* ■ ttj. The isomorphism tt/ : V^I) —>■ A{E) is thus the 
composition 

!?(/) pjiVil)) ^ AiE) (27) 

AdU maps pi{T){I)) ontoyl(^) and V{I) onto A{E) as in Prop. 4.5. As /' C J', we 
also have tt/, = AdU \V{r), therefore AdU maps Pj{V{I)) onto A{E) and V{I) onto 
A{E), thus AdU implements an isomorphism between the two squares. 
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In particular AdU will interchange Ag with the dual canonical endomorphism 
associated with pi{V{I)) C V^I), which is pipi \ pi{V{I)) (here pj is the conjugate 
of Pi as sectors of Then pi will interchange the latter with pj^pipipi = pipi- 

□ 

It will follow from the results in Sect. 6 that, in the case n = 2, p is self-conjugate, 
as both p and p are associated with a degree 2 map on S^. In the case of the n-fold 
tensor product this fact is not any longer true and we shall have a formula for p in 
Prop. 6.1 which gives 

pc^P;'.p-P,, (28) 

where /3 is the natural action of P„ on ^ (g) • • • (8) ^ and p e P„ is the inverse map on 
the group Z„. 

As a corollary of Prop. 4.11 we now show that in the completely rational case pp 
is a true representation and we can express it explicitly. Here, the structure is better 
understood by dealing with the case of an arbitrary n-fold tensor product. 

Corollary 4.12. Suppose A is completely rational, V = A ® ■ ■ ■ ® A (n-fold tensor 
product) and let p be a soliton endomorphism equivalent to tt (see also Sect. 6). 
Then [pp] — [pp] is a DHR sector, and we have the equality (as sectors) 

PP= K,n,-in-iPio ® Pn ® • • • ® , (29) 

where N^^ ^^ f^__^ is the multiplicity of the identity sector in the product Pio-Ph ■ ■ ■ Pi„-i 
and the sum is taken over all irreducible sectors of A. 

Proof Formula (29) for pp follows immediately by Prop. 4.11, which gives pp in 
terms of the formula for the canonical endomorphism of the n-interval inclusion given 
in [31] in the completely rational case. 

To show that pp is equivalent to pp note that by eq. (28) we have, setting /3 = 

pp = pPpf3^P{PpPp)P^P{pp)P , 
that, combined with formula (29) gives 

pp = K,h,-i„-iPMo) ® Ph(i) ® • • • ® PMu-D 
io,ii, 

*p-l(0)'*p-l(l)'---*p-l(n-l)'^ " f-in-l V / 

io,ii,...i„-i 

which coincides with formula (29) because the pj's form a commuting family. □ 
Note in particular the special case n = 2 in Cor. 4.12 gives the formula 

= PP = ^Pi^ Pi , 
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5 Split 8^ < oo imply strong additivity 



Before deriving the strong additivity property from the finite //-index assumption, we 
recall some basic facts about simple subfactors [35]. Let M be a factor in a standard 
form on a Hilbert space 7i with modular conjugation J. A subfactor C M is simple 
if 

NV JNJ = B{n) . 

In other words iV is a simple subfactor iff N' HMi = C where Mi = JN'J is the basic 
extension in the sense of Jones [28]; in particular N' (1 M — C. 

If is a simple subfactor and there exists a normal conditional expectation e from 
M onto N, then N = M. Indeed the expectation is faithful and the Takcsaki- Jones 
projection implementing e belongs to N'nMi — C, thus e is the identity. In particular 

N C M simple & [M : N] < oo ^ N ^ M , 

which is the implication we are going to use. 

We now return to a local conformal net A. We shall denote by A'^ the dual net of 
A on M, namely A'^il) = A{R \ /)'. 

Lemma 5.1. Let A be a local Mohius covariant net. // / C M is a bounded interval 
and Ii, I2 the intervals obtained by removing a point from I, we have: 

(a) A{Ii) V A{l2) C A{I) C A'^{I) is a basic extension. In particular 

[A\l):A{I)] = [A{I):A{h)yA{h)]. 

(b) A{Ii) V Aih) C A{I) is a simple subfactor <^ A{Ii) V Aih) C A'^{I) is irre- 
ducible A is 4-fegular. 

Proof (a): By dilation-translation covariance we can assume that Ji = (—1,0), 
I2 = (0, 1), / = (—1, 1). The modular conjugation J of M = ^(—1, 1) is associated 
with the ray inversion map t ^ —1/t. With = ^(— 1, 0) V ^(0, 1) we then have: 

Ml = JN'J = J{A{-1, 0) V A{0, 1))'J = {A{-oo, -1) V ^(1, 00))' = 

A{-l,oo)nA{-oo,l) ^A\-l,l) (31) 

(6): This follows because 

N V JNJ = (^(-1, 0) V ^(0, 1)) V J{A{-1, 0) V ^(0, 1)) J 

= (^(-1, 0) V ^(0, 1)) V (^(-00, 0) V ^(0, 00)) (32) 

which is equal to B{7i) iff A is 4-regular. □ 
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Lemma 5.2. Let A be a local Mohius covariant net. If I cM. is a bounded interval and 
/i,/2 the intervals obtained by removing a point from I. Assume [A'^{I) : A{I)] < oo. 
We have: 

A is 4-regular =^ ^ is strongly additive. 

Proof If A is 4-regular then A{Ii) V A{l2) C A{I) is a simple subfactor by Lemma 
5.L On the other hand there exists a normal expectation A{I) V A{l2) by 

the finite index assumption and Lemma 5.1. But there is no normal expectation onto 
a simple subfactor, unless the inclusion is trivial. Thus A{Ii) V A{l2) — i.e. A 

is strongly additive. □ 

Theorem 5.3. Let A be a local conformal net with the split property. If Ha finite, 
then A is strongly additive (thus completely rational). 

Proof If /i^ < cxD, then the 2-interval inclusion is irreducible by Lemma 4.8, hence 
A is 4-regular. By the following Lemma 5.4 and Lemma 5.2 we get the thesis. □ 

Let ^ be a split local conformal net. If /i^ < oo we shall denote hy se '■ ^{E) 
A{E) the conditional expectation associated with the 2-interval E (unique by Lemma 
4.8). The following lemma is contained in [31]. 

Lemma 5.4. Assume that the fi-index of A is finite. Given a bounded interval I 
there is a finite index expectation Sj : A^{I) — > A{I). 

Proof Consider a decreasing sequence of 2-intervals = I U In where — 1 e and 
Hn-^n = As shown in [31] 

A{En)\A{I), A{En)\A'{I). 

As in Prop. 2 of [31], any weak limit point ei ofeE„ lAf^il) (as a map A'^{I) — >■ A{Ei)) 
is a finite index expectation from A'^{I) to A{I). □ 



6 Topological sectors and an index theorem 

In this section we generalize the previous construction to the case of cyclic orbifold 
based on a local conformal net A with the split property. 

Let C be a point of and h : ^ {(} ^M. —>■ a. smooth injective map which 
is smooth also at ±oo, namely the left and right limits lim^^^i exist for all n. 

The range h{S^ \ {(}) is either minus a point or a (proper) interval of S^. 

With I el, C ^ I, we set 

$15 ^ AdU{k) , 

where k e Diff(5'^) and k{z) = h{z) for all z e / and U is the projective unitary 
representation of 015(5"^) associated with A. 
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Then does not depend on the choice of A; e Diff (5^) and 

is a well defined soliton of = ^ f II^- 

Clearly $Sf^(^o(K))" = Aih{S^ \ {C}))", thus ^Jf^ is irreducible if the range of h 
is dense, otherwise it is a type III factor representation. It is easy to see that, in the 
last case, does not depend on h up to unitary equivalence. 

Let now / : 5"^ — > 5"^ be a smooth, locally injective map of degree deg/ — n > 1. 
Choosing ( & S^, there are n right inverses hi, i = 0,1, . . .n — 1, for /; namely there 
are n injective smooth maps hi : ^ {(} —>■ such that f{hi{z)) = z, z & ^ {(}. 
The hiS are smooth also at ±oo. 

Note that the ranges hi{S^ \ {(}) are n pairwise disjoint intervals of S^, thus we 
may fix the labels of the hi^s so that these intervals are counterclockwise ordered, 
namely we have ho{—() < hi{—() < ■ ■ < /i„-i(— C) < ^o(~C)- 

Of course any other possible choice for the /ij's is associated with an element p of 
the permutation group P„ on namely we can consider the sequence /ip(o), ^p(i), 

For any interval / of R, we set 

nfj ^ XI ■ ® ® • • • ® ' (33) 

where xi is the natural isomorphism from A{Io)<Si- • •i8).4(/„_i) to A{Io)\/- • •V^(/„_i) 
given by the spht property, with Ik = hk{I). Clearly n^p is a sohton of Vo = Ao <^ 
Ao <S> • • • <S> Ao (n-fold tensor product). 

If we order the right inverses /ij's according to the permutation p as above, we 
shall denote the corresponding soliton by 7r/,p, thus tt/ = 7r/,id- Clearly 

where f3 is the natural action of P„ on V. 

Proposition 6.1. Fix C = — 1 and denote tt^ simply by ttj. 

(a): If fo has deg/o = dcg/. then iif^^ is unitary equivalent to vrj^p for somep G P„. 
ip): Tif^p depends only on dcg/ and p up to unitary equivalence. 

(c) ; Index(7r/) = 

(d) : The conjugate ofiTf is given by 

% = ^Lp 

where f{z) = f{z) and p is the inverse automorphism m i— > — m ofLn- 

Proof (a): If fo —>■ is a an injective smooth map and deg/o = deg/, there 
exists a, h e Diff(5'^) such that fo = f ■ h. Then the h~^ • hi are right inverses for /o 
and we have ^h-i.^. = AdU (h)* ■ ^h^^^i-) for some p e P„, so U (h) implements a unitary 

equivalence between tt^ and . 



25 



(6): This is clear from the proof of (a). 

(c) : An obvious extension of Prop. 4.11 shows that the index of Tif is equal to the 
index of the n-interval inclusion, therefore by [31] we have Index(7r/) = A*^~^. 

(d) : if p is a soliton endomorphism of T> locahzed 5'+, the formula in [24, Th. 4.1] 
gives p = j ■ p ■ j , where j = Ad J with J the modular conjugation of {T>{S'^), Q). As 
we are interested in 7f/ up to unitary equivalence, we then have 

TT/ = jo -T^fj 

where jo = AdJo with Jq any unitary involution on the Hilbert space Ti of A. Let 
Jo then be the modular conjugation of {A{S^), VL), thus j = jo ® • • • ® jo- With the 
above notations let xq, Xi, . . . Xn-i G A{I) where / denotes here the conjugate interval 
of / C {-1}. We have 

7Tfj{xo ® ■ ■ ■ ® Xn-l) = jo{T^fj{j{xo ® " • " ® Xn-l)) 

= joi-^fjUoiXo) (g)---(g) jo{Xn-l)) 

= Joi^iljiUxo)) ■ ■ ■ ^^^IjMXn-l)) 

= XI ■ {jO ■ • Jo Jo • "^hl-ul ' -^o) (^0 • • • Xn-l) 

= XI ■ (4^1, , • • • ® $f ^ r){xo®---® Xn-l) 

'''p{0) J-* '''p{n—l) )-* 

= TTfjixo (8) • • • (S>Xn-l)- 

Here p e is the re-labehng of the right inverses hi of / associated with the map 
2; I— > ^ on the circle. It can be checked immediately in the case f{z) — that 
p(A;) — n — k. □ 

We shall now see the sector [tt/] is independent of the choice of the initial interval 
in the counterclockwise order associated with the /ij's. Thus [vr] and [vfj] are the 
unique sectors associated respectively with any counterclockwise/clockwise ordering 

of the /ij's. 

Proposition 6.2. (a); If p e P„ Z5 a cyclic permutation, then iTf is unitarily equiva- 
lent to Hf^p. 

(b): TTf is irreducible if and only if A is n-regular. 

Proof (a): It suffices to consider the case f{z) ~ z^. With the choice of the n-th 
root function with discontinuity at —1, we may order counterclockwise the right 
inverses by setting h^ = e~^ho, i E 0,1, . . .n — 1. 

Thus for any j G Z„, he+j = W • he, for all i G Z„, where R = R{—) denotes the 
rotation on of angle and so U{hi+j) = U{R^)U{h() (up to a phase factor). 

If p is the cyclic permutation £ 1-^ £ + j on Z„, it follows that 

^f,v,i = XI ■ ® ® ■ ■ ■ ® <f gU-i,/) (34) 

= XI ■ (AdUiW) ■ ® AdU{R^) ■ ® ■ ■ ■ ® AdU{R^) ■ (35) 

= AdU{W) ■ XI ■ ($£, ® ^^li ® • • • ® $£_„,) (36) 
= AdU(R^) ■ TTfj (37) 
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(6): As / varies in the intervals of \ {-1}, itj{V{I)) = A{Io) V ■ ■ ■ A{In^i) 
generates ^4(5*^ \ F) where F is the set of n points obtained by removing [Jihi{S^ \ 
{ — 1}) from S^, hence the thesis. □ 



Remark. As already said, 2-regularity is automatic for any Mobius covariant local 
net; but there are examples of Mobius covariant local nets that are not 3-regular 
[26]. We conjecture that every diffeomorphism covariant local net is automatically 
n-regular for any n. 

As ( varies, the $P's undergo permutations among them, indeed cyclic per- 
mutations that, with a proper labeling, correspond to the cyclic permutations on 
(0, 1, . . . , n — 1). The restriction 

is therefore a DHR representation oi {A<SiA - ■ -iSiA)^" , independent of ( up to unitary 
equivalence. 

In the following we shall denote by X*^"-* the set of all n-intervals of S^, not neces- 
sarily symmetric (union of n intervals with pairwise disjoint closures). 

Theorem 6.3. (a): Tf depends only on n = degf up to unitary equivalence. 

(b) : Tf is diffeomorphism covariant; the corresponding projective unitary repre- 
sentation o/ Diff^°°-'(5'^) is unitary equivalent to the projective unitary representation 
[/(«) = U ■M^''^ o/Diff(")(5^). 

(c) ; The following formula for the index holds: 

Index(T/) = nVr' ■ 

(d) : Tf is direct sum ofn diffeomorphism covariant representations Tf^\Tf^\ . . . , rj"" 

of {A® A - ■ - ^ A)^". Each Tf^ is irreducible. 

(e) We may choose our labels so that, for every i = 0,1, . . . ,n — 1, 

■ ( ^ - \ 
spm(r)') = — c , 

^ ^ ^ ' n 24n ' 

Index(rf ) =/x;\-^ , 
where, in the last equation, we assume /x^ < oo. 

Proof (a): Immediate by (a) of Prop. 6.1. 

(6): Because of the above point, it suffices to consider the case f(^z) = . Then 
the covariance follows by the characterization of the map M'^^^ in Prop. 2.2 expressed 
by the commutativity of the diagram (8). 

(c): Analogously as in Proposition 4.5, the inclusion 7r/(M) C 7r/(M')', M — 
{A® - ■ ■®A){^,oo), is isomorphic to the n-interval inclusion A{E) C A{E), E e 
If II A < then A is completely rational and the index formula in [31] gives 

Index(7r/) = [A{E) : A{E)] = pt^' . 



27 



As Tf is the restriction of tx^ to a n-index subnet we then have 

Index(r/) = [{A®---® A)^" :A®---®A]- Index(7r/) = n^^"^ • 

{d): Fix an interval Iq and a unitary v G V{Iq), v"" = 1, that implements the action 
on B dual to cyclic permutations. Then = {B{I),v}" for all intervals / D Iq, 

hence 

{y TfABii)uf\v)r ^ {\j ^fjivii)))'' ^ A{s' ^ F) , 

m ail 

where F is an n-point subset of 5"^ (the complement of [Jihi{S^ \ {C})), that depends 
on C- 

Now Tf is a DHR representation, so we may vary the point C and get 

{V rfAm),4\^)y' = V = ^(s') = B{n) , 

where C ^ varies with /. As 7^f \v) normalizes \/ j^j;Tfj{B{I)), it follows as in Cor. 
4.6 for the case n — 2 that the latter is the commutant of Trf{v) and Tf has exactly n 
irreducible components. 

(e): As in the case n = 2, the covariance of Tf is given by a unitary representation 
of Diff(S'^) equivalent to ?7^") = U ■ M^"-\ Thus the conformal Hamiltonian Lq in the 
representation Tf is unitarily equivalent to the one given by formula (14), and this 

(i) 

readily implies that the spin of the Tf 's are as stated, by a suitable choice of the 
index labels. We will have additional information on these labels in Sect. 8.3 after 
(46). Concerning the formula for the index, by (44) we have d{Tf'^) — d{'Kf). By point 

(c) we have d{'Kf) = y l^j^^, thus Index(rl*-') = n^^. □ 



6.1 Extension to non- vacuum representation case 

The construction given above in Sect. 6 extends to the case where one replaces 
the vacuum representation with another covariant representation A (cf. [24, 34] and 
Appendix A for the covariance condition). This extension generates new sectors and 
will be later used. Here we merely outline the construction, but all the above results 
have natural extensions in this setting. 

Let A be a covariant representation of A. Given an interval / C 5"^ \ {C}, we set 

^h,i{x) = Aj(7r/,/(a;)) , x e V{I) , 

where tt/,/ = 7r|^] is defined as in (33), and J is any interval which contains /q U /i U 

...Uln-l. 

Proposition 6.4. The above definition is independent of the choice of J, thus TTf^j 
is a well defined soliton ofV. 
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We can choose an interval I with ( as a boundary point of I such that ttj , TTf^ 
and A are localized on I. Denote by 7Tf,7tf^ and (A, 1, 1, 1) := A® 6® t ■ ■ ■ Cg>i \ 
respectively the corresponding endomorphisms ofV{I). Then as sectors of V{I) we 
have 

[^/J = [^/-(A,l,l,...l)]. 

Proof If Ji is another interval which contains Jq U /i U • • • U In-i, we need to show 
that nx,ji{x) = 7rA,j(a;), Vx e A{I) ® • • • (8) A{I). It is sufficient to prove this for 
X — Xq <^ ■ ■ ■ <^ Xn-i, Xi e A{I), < i < n — 1. By isotony, we have 

7^h,Ji{xo • • • Xn-l) = Aj,($;,„j(,To)) • ■ ■ Aj, 

= >^j{^ho,i{xo)) ■ ■ ■ Aj($/i„_i,/(a;„_i)) = 7r/^,j(a;o • • • (8) x„_i) . 

This shows that the above definition is independent of the choice of J. 

As for the last formula, we may assume that ( = —1, I = (the upper half 
circle), f{z) = z"', Hq is the n*'^-root function on / with ho{l) = 1 so that Jq C /, and 
ho e Diff (Jo) for some interval Jq D /, i.e. ho e Diff (S*^) and ho acts identically on Jq. 
We may further assume that A is localized in Iq. By our assumption U{ho) G A{Jo), 
and we claim that 

Xj,{U{ho)Xj,{x)Xj,{U{ho)r = Xhow{U{ho)xU{hoy), Vx e ^(Ji), VJi e I . (38) 

This can be checked as follows: If Jq U Ji 7^ 5"^, then we can find an interval J2 such 
that Jo U Ji C J2, and in this case 

Xj,{U{ho)\j,{x)\j„{Uiho)r = Xj,{U{ho)xU{hor), Vx e A{Ji) ; 
note that U{ho)xU{hQ)* e ^(/io(Ji)), and /io(Ji) C J2 , so by isotony we have 

Xj,{U{ho)xU{hor) = Xf,,(^j,){U{ho)xU{hor) . 

In general we cover Ji by a set of sub-intervals Jk G Ji,2 < k < m such that 
Jfc U Jq 7^ S^. By additivity of conformal nets we have A{Ji) = \/2<k<mA{Jk), and 
since the equation (38) is true for any x e A{Jk): 2 < k < m, it follows that we have 
proved equation (38). 

Define ^^(^o) — >^Jo{U{ho))U{ho)* . From (38) we have 

Xh,ij,){AdU{ho){x)) = zx{ho)AdU{ho){Xj,{x))zx{hor,yx e A{Ji),yJi. 

Set Ji = I', we conclude from the above equation that Zx{ho) G «4(/o)' = A{Io)- It 
follows that for all Xq (8) Xi • • • (g) e ^^(/), we have 

Xi,{AdU{ho){xo)) ® AdU{hi){xi) • • • ® AdU{hn-i){xn-i) 

= Adzxiho) ■ AdU{ho{Xi{xo)) ® AdU{hi){xi) (g) • • • ® AdU{hn-i){xn-i)) 
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where hi, hn-i are defined as in (33). Therefore on T>{I) 

TTf.j = Adzxiho) ■ TTfj ■ (A, 1, 1, ...1). (39) 

Let Ui> : TC ^ TC^H^- ■ -^H (n-tensor factors) be a unitary such that Ui'7ifji{-)Uj, — 
id on T>[I'). Then both tt/ := Ui'nfj{-)Uj, and tt/^ := UiiTTf^j{-)Uj, are endomor- 
phisms of T>{I), and we have tt/^ = AdUi/Zx{ho)Uj, ■ tt/ • (A, 1, 1, 1) by (39). There- 
fore, as sectors of T>{I), we have 

[^/J = [^/-(A,1,1,...,1)] 
since UrZx(ho)U* e UrA{h)U* C ©(/')' = ^(^)- □ 



7 Some consequences 

We now discuss a few consequences of our results. The first two ones follow im- 
mediately from the implication "rationality ^ complete rationality" because of the 
corresponding results in [31] in the completely rational case. 

7.1 Rationality implies modularity 

The first consequence concerns the invertibility of the matrices T and S* in a rational 
model, see [49]. This property has long been expected and is at the basis most analysis, 
in particular concerning Topological QFT, cf. for example [23]. 

We shall say that a local conformal net A is rational if there are only finitely many 
irreducible sectors and all of them have a conjugate sector, i.e. they have finite index 
[36, 25]. Assuming the split property, then every sector is direct sum of irreducible 
sectors, cf. [31]. 

In the paper [31] the modularity has been proved for a completely rational local 
Mobius covariant net. By our results, complete rationality is equivalent to rationality 
for a local conformal net with the split property. Hence we have: 

Theorem 7.1. Let A he a conformal net with the split property. If A is rational, then 
the tensor category of representations of A is modular, i.e. the braiding symmetry is 
non- degenerate. 

7.2 The //-index is always equal to the global index 

The equality of the //-index with the global index has been proved in [31] in the 
completely rational case. The extension of this equality to the case of infinite yU-index 
is not covered by that work, in particular there was no argument to show that if there 
is no non-trivial sector then Haag duality holds for multi-connected regions. This is 
given here below. 



30 



Theorem 7.2. Let A be a conformal net with the split property. Then 

i 

where the sum is taken over all irreducible sectors or, equivalently, over all the irre- 
ducible sectors that are diffeomorphism covariant with positive energy. 

Proof If < oo then A is completely rational by Theorem 5.3, thus the formula 
holds by [31]. 

If /x^ = oo either there exists an irreducible sector with infinite index and formula 
(40) obviously holds, or by Th. 5.3 there are (uncountably) infinitely many irreducil)le 
sectors, thus (40) holds because d{pi) > 1. □ 

Corollary 7.3. Let A be a conformal net with the split property. The following are 
equivalent: 

(i) A has no non-trivial representation, 

(ii) Haag duality holds for some n-intervals E for some n>2: A{Ey — A{E'), 
{Hi) Haag duality holds for all n-intervals: A{Ey = A{E') for all E e X^^\ Vn G N. 

Proof By eq. (40), (i) holds iff //^i = 1, namely iff (ii) holds with n = 2. In this case 
A is completely rational by Th. 40 and the formula [A{E) : A{E)] = E e X^"), 

in [31] shows that also (Hi) holds. 

It remains to show that (ii) =^ (Hi). Assume that A{Ey = A{E') for some n- 
interval E, n > 2. Then A{Ey = A{E') for all n-intervals E by diffeomorphism 
covariance. Fix E e I^""^ and I one of its connected components. By considering a 
decreasing sequence of intervals / D /i D /2 D ■ ■ ■ shrinking to a point, it is rather 
immediate to check, by the split property, that Haag duality A{E)' = A{E') holds for 
n — 1-intervals. By iteration we get Haag duality for a 2-interval and then conclude 
our proof as above. □ 



7.3 Sectors with infinite statistics 

General properties of sectors with infinite dimension were studied in [24] (see also 
[3]), yet first examples have been constructed by Fredenhagen in [22], see below. A 
natural family of infinite dimensional irreducible sectors has recently been pointed out 
by Carpi [14] in the Virasoro nets with c > 1, following a conjecture by Rehren [48]. 

The following theorem gives a natural and general construction of irreducible sec- 
tors with infinite dimension, as a consequence of the index formula in Sect. 6. 

Theorem 7.4. Let A be a conformal net with the split property. The following are 
equivalent- 
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(i) A is not completely rational; 

(ii) {A (8) has an irreducible sector with infinite dimension; 

(Hi) {A^- ■ -^A)^" has an irreducible sector with infinite dimension and diffeomor- 
phism covariant with positive energy, any n>2. 

Proof Clearly {ii) or {Hi) imply that A is not completely rational (complete ratio- 
nality if hereditary for finite- index subnets [59, 42]). On the other hand, if A is not 
completely rational, the topological sector r/ of the cyclic n-orbifold has infinite index 
by the index formula in Th. 6.3. So one of the n direct summands rj*^ must have 
infinite index. □ 



7.3.1 Example 

Let A be the local conformal net on associated with the C/(l)-current algebra. In 
the real line picture A is given by 

A{I) = {W{f) : / e C^(M), supp/ C /}" 

where W is the representation of the Weyl commutation relations 

W{f)W{g) = e-'^f<^'W{f + g) 

associated with the vacuum state uj 

u{W{f))^e-\\f\\\ ll/ll^^ / |/(p)|Vp 

Jo 

where / is the Fourier transform of /. 

The superselection structure of A is completely described in [10]. There is a one 
parameter family {aq,q e R} of irreducible sectors and all have index 1. We can 
choose a representative of aq as 

aq{W{f)) = e^^^^fW{f), FeC^, / ^ " ^ " 

Now consider A® A. By the argument in [31] all irreducible sectors oi A® A are 
tensor product sectors, namely have the form aq ® ctg', in particular they have index 
1. 

Yet, the index 2 subnet (.4 ® A)^^"^ has an irreducible sector with infinite index, 

by Th. 7.4 because A is not completely rational. 

Fredenhagen [22] had shown that the subnet {A ® A)^'^^'^^ <Z A® A admits an 
infinite dimensional irreducible sector. In his case the subnet {A ® A)^'^'^'^^ d A® A 
has infinite index. 
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8 Topological twisted sectors in the completely ra- 
tional case 



In this section we assume that P is a completely rational conformal net and B is the 
fixed point subnet of B under the proper action of Z„ on T> (cf. 2 of [56]). 

We note that we will be interested in the special case when V := A... A 
(n-fold tensor product) and B := {A® A... ® A)^" the fixed point subnet of V under 
the action of cyclic permutations in Sect. 8. 

By Th. 2.9 of [56], B is completely rational with = ti^hd. So B has finitely 
many inequivalent irreducible representations and the question is how to construct 
these representations from those of T>. This question can be raised for the case of 
a general orbifold. An answer to this question is given in an example of Z2 orbifold 
of a lattice by identifying the orbifold with a coset whose irreducible representations 
are known (cf. Sect. 3 of [56]). Partially motivated by this question for the case of 
cychc permutations, [58] and [2], we were led to the constructions of Sect. 2 and 6. 
We will see that the topological construction of Sect. 6 and its generalizations lead 
to a satisfying answer to the question for n — 2,3,4 and plays an important role in 
the general description of cyclic orbifold. 

In this section we will make use of computations of sectors extensively as in [54]. 
Let us first recall some preliminaries about sectors. See [36], [37] and [38] for more 
details. Let M be an infinite factor and End(M) the semigroup of unit preserving 
endomorphisms of M. Let Sect(M) denote the quotient of End(M) modulo unitary 
equivalence in M. We denote by [p] the image of /) G End(Af) in Sect(M). 

It follows from [37] that Sect(M) is endowed with a natural involution 9^9; 
moreover, Sect(M) is a semiring. 

Let p e End(M) and £ be a normal faithful conditional expectation e : M ^ p{M). 
We define a number > 1 (possibly 00) by: 

:= Max{t e [0, +oo)\e{m+) > tm+,ym+ e M+} 

(Pimsner-Popa inequality in [47]). 
We define 

d{p) = Min,{4}, 

where the minimum is taken over s with de < 00 (otherwise we put d{p) = 00). d{p) 
is called the dimension of p. It is clear from the definition that the dimension of p 
depends only the sector [p] . 

The properties of the dimension can be foTind in [36], [37] and [38], see also [32]. 
We recall that d{p) < cxd is equivalent to the existence of a conjugate sector. 

For A, /X e End(M), let Hom(A,/i) denote the space of intertwiners from A to p,, 
i.e. a e Hom(A,/x) iff aX{x) = p{x)a for any x e M. Assuming the dimension of A 
and p to be finite, Hom(A, p) is a finite dimensional vector space and we use (A, p) to 
denote the dimension of this space. (A,/i) depends only on [A] and [p]. Moreover we 
have {i^X, p) — {\,i'p), {v\,p) — (z^, A*A) which follows from Frobenius duality (see 
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[39] ). We will also use the following notation: if /i is a subsector of A, we will write 
as /X -< A or A >- /i. A sector is said to be irreducible if it has only one subsector. 
Usually we will use Greek letters to denote sectors, but we will denote the identity 
sector by 1 if no confusion arises. 

Fix an interval Jq. Let 7 : 'D{Jq) B{Jq) be the canonical endomorphism from 
V{Jq) to B{Jq) and let 7e := 7 \B{Jo). Note [7] = [1] + [g] + ... + [^""i] as sectors of 
V^Jq) and [75] = [1] + [cr] + ... + [cr"-"^] as sectors of B{Jq). Here [gf*] denotes the sector 
of V{Jq) which is the automorphism induced by g'^ and cr is a DHR representation of 
B with [(t"] = [1] where [1] denotes the identity sector. We note that the notation 
[g^\ is an exception to our rule of using Greek letters to denote sectors. All the 
sectors considered in the rest of Sect. 8 will be sectors of T>{Jq) or B{Jq) as should be 
clear from their definitions. All DHR representations will be assumed to be localized 
on Jq and have finite statistical dimensions. For simplicity of notations, for a DHR 
representation ctq of "D or B localized on Jq, we will use the same notation ctq to denote 
its restriction to T>{Jq) or B{Jo) and we will make no distinction between local and 
global intcrtwiners (cf. Appendix A) for DHR representations localized on Jq since 
they are the same by the strong additivity of V and B. 

8.1 Non- twisted sectors in general case 

We will denote by A the irreducible DHR representations of V and by Ag its restriction 
to B. Xj3 and its irreducible summands will be called non-twisted representations (rel- 
ative to V). An irreducible DHR representation of B is twisted if it is not non-twisted. 
Our goal in this section is to characterize the nature of non-twisted representations. 

Let (Ti be a DHR representation of B localized on Jq. Recall from §3.1 the definition 
of tto-^. When restricted to 2^(Jo), is an endomorphism of V{Jo) (cf. (1) of 
Th. 3.1 in [54] or Cor. 3.2 of [4]), and we use the same notation a^^ to denote 
this endomorphism. For the rest of Sect. 8, a^-^ will always be understood as the 
endomorphism of V{Jq). The following lemma which follows essentially from [54] 
(also cf. [4]) will be used repeatedly: 

Lemma 8.1. Letai,a2 (resp. be DHR representations of B (resp. V) localized 

on Jq. Then: 

(1) [cio-J = [a^J as sectors ofV{Jo) and (/(ag-J = d{ai); 

(2) {a„^,a^^) = (o-i7b,(72), {a^-,, X) = {(TiAb)\ 

(3) [ga„^] = [a„^g], [Aa^J = [a^iA]; 

0<i,j <n- 1. 

Proof (1) follows from Cor. 3.5 of [54], (2) follows from Th. 3.3 of [54], (3) follows 
from Th. 3.6 of [54], and (4) follows from Lemma 3.5 of [54]. □ 

Note that Z„ acts on A naturally by gXg~^: this is a DHR representation of T> 
localized on the fixed interval Jq and whose restriction to X>(Jo) is simply g ■ X • g~^. 
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Assume that the stabihzer of such an action on A is generated by g"'^ with riiki — n. 
Then: 

Proposition 8.2. decomposes into ki different irreducible pieces denoted by (A; cr*), 

< t < ki -1. Moreover [a(A;a')] = ©o<fc<ni-i[5'^^fi'~1' d{{X;a')) = nid{X), and if 
[(A; 0"*)] = [{ji; a^)] then there exists an integer I such that ji = g^\g~K 

Proof Let pi be an endomorphism of V{Jq) such that pi{V{Jo)) = B{Jq) and pipi — 
7. By [44] as sectors of B{Jq) we have [Ag] = [7A \B{Jq)], it follows that 

Hom(As, Ab)b(Jo) ~ Hom(piApi, piApi)x.(jo) 

By Probenius duality we have 

(As, Ab) = (A, 7A7) 

For < i,j < n — 1, note that g^\g~^ is a DHR representation of and by (4) 
of lemma 8.1 we have {X,g^Xg~^) — {X,g^~^g^Xg~^) — 5ij{X,g^Xg~^). It follows that 

(A,7A7) = h- 

Notice that [gpi\ = [pi], [pig] = [pig]- If we set z/i = pi, = g"'^, = Xpi, we have 
[lyiiy] — [ti], [1/1^2] = [^2], and 1/ has order ki. Now apply Lemma 2.1 of [57] where 
a, 1/, b of [57] correspond to our ui, p, z/2 respectively, we have shown that Hom(AB, Xb) 
is an abelian algebra with dimension ki and it follows that Ag decomposes into a 
direct sum of ki irreducible pieces, denoted by CTj, < i < /ci — 1. 

From [7Q;ab] = [7A7] we have: 

(7aAB, b^A^"']) = /ci, < i < ni - 1. 
Note that by (4) of Lemma 8.1 we have 

It follows that cvab ^ ^1 0o<i<ni-i[9''Ag'~']. On the other hand 

d{axs) = d{XB) = nd{X). 

It follows that [q;ab] = ©o<i<ni-i ^ib^Afif"*]. So we must have >- g^Xg~^ for some 

1 where < j < /ci — 1. By (3) of Lemma 8.1, [ga^^^] = [aa^fi'], so we must have a^^ >- 
0o<i<ni-i[fl''A5'"1- In particular d{aj) > nid{X). Since Eo<j<fci-i ^(^:?) = kinid{X), 
it follows that 

K]= [9'>^9-'] (41) 

0<j<ni-l 

and (ao-Q, aa^) = ni. By (2) of Lemma 8.1 we have (ao-Q, aaj) = {(Jod'j, [1] + [cr] + ... + 
[cr""^]) TT-i, it follows that the set {ctq, ui, ak^-i} is the same as {(Jq, crcro, a'^^'^ao} 
We will use (A;(T*),0 < i < ki — 1 to denote cVo in the following. It follows from 
formula (41) and (1) of Lemma 8.1 that d{{X; a*)) = nid{X). 

The last part follows from formula (41) for a^^.. □ 
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The following simple lemma will be used in §8.4 and 8.5. 

Lemma 8.3. Let /i be an irreducible DHR representation of B. Let i be any integer. 

Then: 

(1) G{fi,a') ■=e{fx,a')e{a\fx) G C, G(/x,(t)' = G{fi,a'). Moreover G (fx, aY' = 1; 

(2) If 111 -< H2lJ'3 with III, 1^2, 1^3 irreducible, then G(/Xi,(T*) = G{n2,o'^)G{ii3,a^); 

(3) fj, is untwisted if and only if G{ii, a) — 1; 

(4) G{fl,a')^G{fx,a'). 

Proof We have G'(//, cr*) e Hom((7*//, cr^/i) ~ C since cr*^ is irreducible, and also 
G{ii,ay — e{iJ,,a^)£{a\ fx) = G{^,a^), so G{iJi,aY = 1 since [a"] = [1]. If /xi -< /i2A*3 
with /Ui, yU2, /i3 irreducible, then G{fii, o"*) = G{fi2, <^^)G{fi3, o"*) by the Braiding-Fusion 
equations (cf. [49]). For the second part, by Prop. 8.2 fi is untwisted if and only if 
is a DHR representation of V. By the remark before Prop. 3.2 this is true if and 
only if a) — 1. The third part follows from (2) and cr') = 1. 

□ 

Denote by W the vector space whose basis consists of irreducible components of 
all where ^ are irreducible DHR representations of B, and Wq (resp. Wt) the 
subspaces whose bases consist of irreducible components of where /i are irreducible 
non- twisted (resp. twisted) DHR representations of B (relative to V). The elements in 
the basis of Wt are also called twisted solitonic sectors. We note that Wo has a natural 
ring structure where the product is the composition of sectors. Applying Prop. 8.4 
and Th.3.6 of [6] we have 

dimWt = Y^{ki- 1) (42) 

A 

So each A with nontrivial stabilizer contributes to the twisted solitonic sectors. 
8.2 Non- twisted sectors for the cyclic permutations 

For the rest of §8, we will consider the case of cyclic permutations, i.e., we assume 
that V := A® A... ® A (n-fold tensor product) and B := {A® A...® A)^" the fixed 
point subnet of T> under the action of cyclic permutations. Since we assume that T> is 
completely rational, this is equivalent to assuming that A is completely rational. We 
will denote by (Ai, A^) = Ai (8) • • • (g) A„ the irreducible product representation of V 
associated with the irreducible representations Ai, . . . , A„ of A and by (Ai, A„)e its 
restriction to B. Note that Z„ acts on product sectors (Ai, A„) naturally by cyclic 
permutations and [^'(Ai, A^)^!"^)] = [(Ag(i), Ag(„))]. Assume that the stabilizer of 
[(Ai, A„)] is generated by g^^ with riifci = n. Then by Prop. 8.2 we have: 

Corollary 8.4. (Ai, A„)g decomposes into ki different irreducible pieces denoted by 
(Ai, Xn, a'), 0<i<ki-l. Moreover [a(\,,...,\„;ai)] = 0o<fe<ni-ib''(^i' ^n)9~''], 
and if [(Ai, A„; cr')] = [(//i, a^)] then there exists an integer I such that /ik — 

Xgl{k): l<k<n. 
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8.3 Topological twisted sectors for cyclic permutations 

Let us first determine the relevant ring structures of the topological twisted sectors 
from Sect. 6. Choose ( to be the right boundary point of the fixed interval Jo in 
the anti-clockwise direction on the circle. We can assume that Jo is the interval / as 
chosen in Prop. 6.4. Since n^p is a soliton, by the usual DHR argument [18], we can 

choose a soliton which is unitarily equivalent to and restricts to an endomorphism 
ofI>(Jo) (also cf. the paragraph before Prop. 4.5). We will denote this endomorphism 

of T>{Jq) by 71. We note that tj is a DHR representation of B and we will denote by r a 
DHR representation of B localized on the fixed interval Jo which is unitarily equivalent 
to Tf and the corresponding endomorphism of B{Jo) obtained by restriction to B{Jq). 
(Notations differ here from the previously used ones: tt and r are sectors of factors). 

Note that by [44] we have [r] = [77r \B{Jq)\ as sectors of B{Jo). By {d) of Th. 6.3 
we have (r, r) = n, in fact [r] = [r^] + ... + [r^^-^^]. So (ttt [B(Jo),77r \B{Jq)) = n. 
As in the beginning of the proof of Prop. 8.4, we have 

(77r rB(Jo),77r [^(Jo)) = (77,7777) = n. (43) 

By definition (cf. §3.1) [ioit] = [^7] = [7777]. We get {'yar,n) = (7777,77) = n. 
Since [yar] = [Qt] + ■■■ + [^'"^"^ar] and {g^ar, g-'ar) = Sij{ar,ar),'^0 < i,j < n — 1 
(cf. (4) of Lemma 8.1), it follows that there exists an integer < i < n — 1 such 
that ((7*0:^,77) = n. On the other hand since d{ar) = d{T) = nd{7i), we must have 
[g'^a-j] = 72(77] . Since [a-j] = [ctrw] + ••• + [«t("-i)]) and 5'~V is irreducible, we conclude 
that, for any < j < n — 1, we have [a^u)] = [fl'"*'?'"]- 

Since a^o), 77 are solitons localized on Jq (cf. Prop. 3.1), using the next lemma we 
conclude that 

[a^w] = [77], 0<j<n-l. (44) 

Lemma 8.5. Let 771,772 be two solitons of Vq (The restriction of T> to \ {C}, cf. 
^3.0.1) localized on Jq. If [tfi] = [(?~V2] as sectors ofV^Jo) for some integer i, then 
g~^ as a group element is the identity and [771] — [772] as sectors ofV^Jo). 

Proof It is enough to prove that g~^ as a group element is the identity. Let Ji C 

Jo)Ji 7^ Jo be an interval with as a boundary point. Let J2 := Jq fl J(. Assume that 
v is a unitary in 'P(Jo) such that 77i = Adf ■ (5'~V2) on V(Jq). 

Consider 771,772 on I^(J{). Since 771,772 are solitons, and V^J^) is a type HI factor, 
we can find unitaries vi, V2 such that on 'D( J{) we have 77i = Advi, 772 = Adi'2. Since 
77i, 772 are localized on Jq, it follows that Vi e T>{Jo), V2 G T>{Jq). 

So on P( J2) we have Advi = Adv ■ Adg~\v2) ■ g~^. Define w := g~\v2)*v*Vi. Note 
that w e V{Jo), and wxw* = g-\x),'ix E V{J2). It follows that w G V{Jo) D B{J2)' ■ 
By (2) of Lemma 3.6 in [59] the pair B <Z T) is strongly additive (cf. Definition 3.2 
of [59] ) since we assume that V is strongly additive, and so ^?( Jq) V i3( J2) = T^{J'i) 
which implies by Haag duality P(Jo)nB(J2)' = ©(Ji). Therefore w e V{Ji),g-\x) = 
x,Vx e V{J2), and so g~^ as a group element is the identity since one checks easily 
that the action of the cyclic group on !?( J2) is faithful. □ 
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Note that by Corollary 4.12 we have as sectors of V^Jq): 



(Ai---A„,l)[(Ai,...,A„)]. (45) 

Al ,...,An 

where 7f is the conjugate sector of tt. Prom [a^u)] = [n] we have 

[arO)«rO)] = (Ai---A„,l)[(Ai,...,A„)]. (46) 

Al ,...,A„ 



(0) 



where we have also used [a^o)] = [a^oo] (cf. (1) of Lemma 8.1). 

Recall that the spins of t^^'> are given in (e) of Th. 6.3. By (44) [a^u)] = [a, 
by (2) of Lemma 8.1 we have 

J2 (r(^\<7M°)) = l. 

0<Kn-l 

Since both r*^-'^ and aW^^^ arc irreducible, we must have that [r^-'^] = [a'^^^^'r^^"'] where 
k{-) is a map from Z„ to itself. A';(-) is also one to one (hence onto) since if [o"'^r*^°^] = 
[r*^°^] for some < li < n — 1, then by (2) of Lemma 8.1 again {a^(o) , a^m) ~ 
^g<;<^_j(T(°\ > 2 contradicting the fact that a^(o) is irreducible. We claim 

that in fact k{j) — jk{l), < j < n — 1. This follows essentially by the grading Lemma 
8.3: by definition of the monodromy, G(cr^*^(^V^°\ a''^^)) — G(t(°\ cr'^^^)) because all 
(T-^'s have integer spins and are automorphisms. From the monodromy equation (cf. 
[49]) we have 

hence, modulo integers, spin(cr''-'^"'^'*'^*^"'^V^°'') — spin(cr-''^'''^V^°'') is a constant independent 
of < J < n - 1. Since [(7'=(i)t(°)] - [t(% spin((7(^+i)*^(i)TW) - spin(a^'=(i)T(°)) is 
equal to ^ modulo integers. It follows that spm{a^'^^^W^^^) is equal to the spin of t^^ 
modulo integers. We conclude that 

[^jfe(i)^(o)] ^ [^0)] and jk{l) = k{j), < i < n - 1 . 

Since k{-) is one to one, the greatest non-negative common divisor of k{l) and n must 
be 1. 

In the following we define 

Gil,) :=G(/.,a'=W) 

and will refer to (j(//) as the grading of /i. Note that by definition G(r*^°^) = e^. 

Let A be a covariant representation of A and Tx = ttxI B (cf. Prop. 6.4) the DHR 
representation of B obtained by restriction of ttx. As in the beginning of this section, 
we denote by tta the endomorphism of T>{Jq) obtained from the restriction to T>{Jq) 
of a soliton unitarily equivalent to . Note that an analogue of {d) of Th. 6.3 holds 
and Tx is a direct sum of n DHR representations r^" ^\ 
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Note that [ttx] — [tt • (A, 1, 1)] by Prop. 6.4, and it follows that [70;^-;^] = 
[77r(A,l,...,l)7]. 

By the same argument as in the case when A = 1 above we have [ot-a] = n[g'^7r{X, 1, 1)] = 
n[g'^a^(,o) (A, 1, 1)] for some < A; < n — 1, and by (3), (4) of Lemma 8.1 again we 
have k — and 

Ko)] = Km (A, 1, 1)] = [(A, 1, 1) a,(o)] = [tta], < j < n - 1. (48) 
Prom these equations we can prove the following: 

Theorem 8.6. (1) [tta] = [n^] as sectors o/X>(Jo) iffXc^/i as DHR representations 
of A; 

(2) [r^] — \tI^^\ iff jj, as DHR representations of A and I — j- 
Proof (1): Since 

[tta] = [7r- (A, 1, ...,!)], [7r^] = [7r •(//,!, ...,!)] 

we have [nx] — [tt^u] iff [7r(A, 1, 1)] = [7r(//, 1, 1)]. It follows by Probenius duality 
and equation (45) 

(tttt, (A//,1,...,1)) = 1 = (1,A//). 

It follows that [A] = [fj] as sectors of A{Jo)- Since A is strongly additive, it follows 
that A ~ /i as DHR representations of A. 

(2): It is sufficient to show that if [r}'"*] = [rlf^] then A ~ /i as DHR representations 
of A. Assume that [r^''*] = [r^^^]- By equation (48) we have 

[an)] = [tta], [am] = [tt^] 
and the proof follows from point (1). □ 

We note that Th. 8.6 is similar to the main theorems (Th. 3.9 and Th. 4.4) of [2] 
if one identifies ttx with the twisted module in the sense of [2]. Th. 8.6 supphes a class 
of twisted representation of the cyclic orbifold. In the next few sections we will show 
that these representations and their variations give all the twisted representations in 
the case n = 2, 3, 4. 

8.4 Case n = 2 

When n = 2, by (42) dimM^^ is the same as the cardinality of the set {A}. By (2) of 
Th. 8.6 and (48) Wt has a basis {a (o)}. If ai is an irreducible twisted representation 

"^A 

of B, it follows that tto-^ = Cxa^(o) , where Cx are positive integers. By cq. (47) 

and (2) of Lemma 8.1 it follows that ui must be some One can also prove this 
by computing index of all known DHR representations of B and check that they add 
up to /iB — 4//XI- Hence we have proved the following: 
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Proposition 8.7. When n = 2 all the irreducible twisted representations of the fixed 
point net B are {t}*''}. 

When n = 2 we can determine completely the fusion rules of a (o) as follows: 
Proposition 8.8. (1) [a (o)] — [a (o)]; 

"^A "^A 

(3) [a^(o)a^(o)] =0;,^_;,^(A//Ai,A2)[(A2,Ai)]. 

Proof (1): Note that [a (o)] = [(A, l)a^(())], so it is sufficient to show that [a^(o)] = 
[a^(o)]. Here we give two different proofs. Since Wt is spanned by {ar^^gj}, we must 
have that [a^io)] = [ct^w] = [{n,l)a^{0)] for some (cf. (48)). Prom this we have 
d(/i) = 1. So //A is irreducible for any A. Prom 

[a m] = [(/iA, l)a^(o)], [a m] = [a-^oy] 

A A 

we have 

([-ri.i^?i+ia)=i 



-W] j^(o)i ^ r^(i)i 

-(0) ;^ AO) _ ^(1) 



and therefore ' is either t^^-^ or t^^\ In any case the univalence (=: exp(27ri • spin)) 

a; (0) 

^A 

have 



a;^(o) (cf. [24]) of r{°^ must be the same as that of r^^' or r^^. Note that by (14) we 



2 2 #F 2 



2ivic o 2iric 



and therefore ux = o;^;^, VA. It follows that // is degenerate (cf. [49]) and therefore jj, 
is the vacuum representation since A is modular (cf. [31]). This completes the first 
proof of [a^m] = [a^m]. 

For the second proof of [a^-co)] = [q;^(o)], note that by (48) [tt] = [a^co)]. By the 
remark after Prop. 4.10, we have [tt] = [tt]. So we have [a^m] = [a^m]. 

(2): By (48) we have [a w] = [(A, l)a^(o)]. So 



[(//i,//2)q;^(o)] = 0(//iA,(5i)[(5i,//2)q;^(o)]. 

^ 5i 



Note that [(5i, /i2)ttr(")] = [(^i, 1)(1, yU2)«^(o)]. We claim that [(1, //2)q;^(o)] = [(//2, 1)q;^(o)]. 
In fact by (46) and Frobenius duality we have: 

((l,//2)Q;r(0), (/^2, l)ar(o)) = ((/^2, /^2) , ftrW ^rW ) = 1 

{{l,ll2)o£T-{0),{l,ll2)oir(0)) = ((l,/i2)(l,/^2),ar(0)«r(0)) = 1 

((/i2, l)a^(o), (//2, l)Q;r(o)) = {{^2, 1)(a*2, 1),q;^(o)q;^(o)) = 1 (49) 

It follows that [(1, /X2)q;^(o)] = [(/^2, 1)q;,-(o)]. Hence [(5i, 1)(1, /X2)q;^(o)] = [{5i, 1)(/X2, l)a^(o)] 
05((5i/X2,(5)[a (0)]. So we have 



[(/^i,/^2)a^(o)] = 0(/xiA,5i)(5i/X2,5)[a^(o)] = 0(/xi/X2A,5)[a 
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,(0)J. 



(3): We have 

[a^ma^m] = [(A, l)a^(o)a^(o)] = 0[(A, l)(Ai, Ai)] = 0(A/iAi, A2)[(A2, Ai)] 

Ai Ai,A2 

where we have used (48) in the first equahty, the first part of the proposition and (46) 
in the second equahty. □ 

Before concluding this subsection, we note that tt^u can be defined also for a re- 
ducible sector II oi A and we clearly have 

^/^ = ® (/^' , 

5 

where S runs on the irreducible sectors of A. 

Hence Proposition 8.8 can be equivalently formulated, with the notations in Sect. 
6, as follow: 

(1) TTa ~ TTX, 

(2) (//I (g) 112) ■ TTa ~ 7r^i^2A, 

(3) 7rA7r^~05A5(8)//5, 

where \, fi, fii, 112 and 6 are irreducible. 

(1) is proved in Prop. 6.1, (2) follows from the equality (/i(8>t)-7rA = (6®/i)-7rA = tt^a 
and (3) follows by Cor. 4.12. Note that the composition of two twisted sohtons is a 
DHR sector. 

8.5 Case n = 3 

By (42) when n — 3 dimWt is twice the cardinahty of the set {A}. We claim that in 
this case (unhke the case n — 2) [a (o)] 7^ [a (o)]. If not, by Probenius duality, (48) 

and (2) of Lemma 8.1 we have 

((A/., 1, 1), a^(o)) = (7(A/x, 1, 1) ri3( Jo), r(°)') = 1. 

It follows that t(°)^ contains some untwisted DHR representation of B. Note that 

G(r*-°^)^ = = — 1, so by Lemma 8.3 we have arrived at a contradiction. Hence by 
counting we conclude that Wt is spanned by and by the same argument 

as in the proof of Prop. 8.7 we have: 

Proposition 8.9. All the irreducible twisted representations of B in the case n — 3 
are t|*^ and < i <2. 
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8.6 Case n = 4 



By (42) in this case dimWt = |{(Ai, A2, Ai, A2), Ai ^ AaJI + 3|{(A, A, A, A)}|. One 
question is how to construct additional sectors corresponding to (Ai, A2, Ai, A2). We 
notice that there is an intermediate fixed point net C between B and V such that C is 
the fixed point subnet of B under the action of g'^. In fact C is fixed point subnet of 
T> — {A<SiA) (8) {A<SiA) under the natural cychc Z2 action. So we can apply the results 
of §8.4 to the pair C C V. Now the representations oi A<^ A are labeled by (Ai, A2), 
and so wc label the solitons for the pair C C P by Tr(^Xi,X2) its restriction to C (a 
DHR representation of C) by T(Ai,a2)- Recall from §8.3 that T(Ai,a2) is a direct sum of 
two irreducible DHR representations denoted by r^^^^ ^^-^ and r^^^| We will denote 

by T^^^^^ Q the DHR representations of B obtained by restricting r^^^^ to i3, i = 0, 1. 
Note that C is invariant under the automorphism induced by cyclic permutation g and 
the B is the fixed point subnet under this action. Applying Prop. 8.2 to B C C we 
have 

1 = + (80) 

(Ai,A2).8 

where B \ C indicates the induction from B to C (note that an horizontal arrow has 
been used in [59]). By Lemma 3.3 of [56] we have 

[aT ] = [«T ] + [0^1% J (51) 

^(Ai,A2),B ^(Ai,A2) ^^(Ai.Aa)^ 

By (3) of Lemma 8.1 as sectors a^J^ commutes with g since [g] is a subsector of 

'^(Al,A2),B 

the canonical endomorphism 7 from V to B. So we must have 

[^«^w g~^] = [«^w ] or [a^^fo) _J (52) 

"^(Ai.Aa) '^(Ai,A2) ^'^(Ai,A2)3 



As in the proof of (43) and using (48) we have 



(t-(Ai,A2),b, t-(Ai,A2),b) = (a^oT '7a5oT 7) (53) 



"^(Ai.Aa) "^(Ai.Aa) 



By using (52), (53) we conclude that T(Ai,a2),b is a direct sum of four distinct irreducible 
pieces iff 

"^(Ai.Aa) ^(Ai,A2) 

and a direct sum of two distinct irreducible pieces iff 

'^(Ai,A2) 9^(Ai.A2)3 ^(Ai,A2) 

On the other hand, applying Prop. 8.2 to the pair B C C, we know that T(Ai,a2),6 

is a direct sum of four irreducible pieces iff [gT(x^ A2) b9~^^ ~ i'^iXi A2) e]' ^ ~ 

a direct sum of two distinct irreducible pieces iff [9''''(Ai A2) bS""^] ['''(aI A2) fi] ' ^ ~ 
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0,1, and [grl^^^x^^^Bg ^] 7^ [^(a!,A2),b]- So we have that [^a^JJ g ^] ^ [a^JJ ] iff 



"^(Ai.Aa) '^(Ai,A2) 



[^^(aLa2),b^ '] = [^(1^2),^]'^ = 0' 1' and [a^m = [^a^J? ^ In particular 



JO) 



5""{Al,A2)S ^{Ai,A2)S ^(1,1) 



a^'oT _,(A2,l,l,Ai)] (54) 



^(1.1)9 



Note that [a''^^) J = Jif g and so gTl^\^g ^ is a twisted DHR representation 



(1,1)=' (1,1) 

of C (relevant to I?). Applying Prop. 8.7 to the pair C C P we have 

[a^JoT g~^] = [of^lS (^1' ^2, 1, 1)] (55) 

for some ((Ji,(T2). By (54) we have [a'^^^) J = [a^j^ (aiA2, ct2, 1, Ai)], and by (2) 

^^(Ai,A2)3 "^(1,1) 

of Prop. 8.8 we have [ofj^ (c"iA2,c'"2, 1) Ai)] = [a^l^ ]■ Hence 

^(1.1) ^(ctiA2,CT2Ai) 

J = [a^i? ] (56) 

(Ai,A2)^ (CTiA2,cr2Ai) 

By (2) of Lemma 8.1 we have that gr^^l m)^'^ ~ ^KAa craAi)' where i = or i = 1, as 
DHR representations of C. Notice that uj (o) _i = (o) which can be checked 

^■^(Al,A2)S' ^(Ai,A2) 

directly from the definition of univalence (cf. [25]). Alternatively one can prove this as 
follows. First if gr'^^^ \2)9~^ — '''(a! A2) ^® ^b^tg. nothing to prove. If [gr^^^ \2)9~^^ ^ 

[t-(^a!,A2)]' applying Prop. 8.4 to the pair S C C we know that 5'T(A!,A2)fl'~^ ^nd T(a!,A2) 
restricts to the same DHR representation of B, and so they must have the same 
univalence by Lemma 6.1 of [5]. 
So we have 

c^„^(o) „-i = ^jo) = to (i) (57) 

y'(Ai,A2)y (Ai.Aa) '(<TiAi,<T2A2) 

where i = or 1. As in the first proof of (1) of Prop. 8.8, from (57) we have 
a;(o-iA2,(72Ai) = ^(Ai,A2)) ^(Ai, A2). It follows that (cxi, 172) is degenerate. Therefore (cri, (T2) 
(1, 1), and 



By (56) we have 
and by (48) we have 



K(o) ] = V^iO) 

^(A2,Ai) ^^(Ai,A2)fl^ 



-IJ 



[«T ] = [«T) J, ^ = 0,1. (58) 

^(A2,Al) ^^(Ai,A2)^ 

If Ai = A2, by (58) and the remark before (54) we must have gr^^^^i \2)9~^ — ^(Ai A2)' ^ ~ 
0, 1. Apply Prop. 8.2 to the pair B C C we know that r^^^^^ g is a direct sum of two 
distinct irreducible pieces denoted by T^^f Ai) — 0; 1- 
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If Ai 7^ A2, then from (58) and (2) of Lemma 8.1 we have that QT^Xi m)^'^ ~ '^(M 

where < j < 1, and [gT^^Xi A2)^~^] [^(a1 A2)]' ^^^^ choose our labeling so that 

QTq^i \2)9~^ ~ ^(li Ai)- ^PP^y Prop. 8.2 to the pair C C we know that t^^^ ^^^^ g is an 

irreducible DHR representation of and t^^^ g are isomorphic to r^^^ ^ as DHR 

representations of B, i = 0, 1. By definitions we have ^(t^^^^ ^^-^ qY — G{t^^^^\^^ — 1, 

since r^^^^ ^ and b non-twisted representations of B relevant to C, and 

B is the fixed point subnet of C under the Z2 action. So these representations are 
different from t^^ whose grading is or f^^ whose grading is . 
We note that by applying Prop. 8.2 to B C C we have 

d{rt£,,),s) - dir^U))^ d{r^l,^,^,) = 2ci(r«,,^p, A, ^ A.. 

Applying (48) and (c) of Th. 6.3 to C C P we have 

Hence we know the indices of these known twisted representations t^^'^^I^^) g, t^^^^ g 
of B (relevant to V). By Prop. 8.4 we also know the indices of non- twisted represen- 
tations of B relevant to V. One can check easily that the sum of these indices add up 
to jiB — 16//x> = 16Atj^. By [31] we have therefore identified all the irreducible DHR 
representations of In particular we have proved the following: 



Proposition 8.10. All the irreducible twisted DHR representations of B (relevant to 
V) are rf , ff ,0 < i < 3, t'^^^s^^ < i,j < h and rll x^^^^,Xi 7^ A2,0 < i < 1, 

iLx2),B ^'^e isomorphic to t^I^^^^^q- 



where as DHR representations t^^^^ ^ are isomorphic to t^^^ 



We note that our construction of r^^^^ g and tI)^''x) b ^® generalized to non- 
prime n case. 



8.7 Comments on the case of a general n 

To motivate our discussion let us first consider the case when A is holomorphic, i.e. 
when //,_4 = 1. In this case V is also holomorphic, and T> has only one irreducible 
representation (the vacuum) labeled by (1, 1). In this case dimVFf = n — 1. Note 
that a^{o) e is a periodic automorphism, and we let /c > 1 be the least integer 
such that [a'^(o)] = [!]• By Lemma 8.3 we must have n\k. On the other hand we 
must have k < n since dimVT = n. So we conclude that k = n, and W is spanned 
by {q;^(o),0 < i < n — 1} and all the irreducible representations of B are given by 

(j^T^'^y^ < i, j < n — 1. So in the holomorphic case all twisted representations of B 
are generated by t^^^ and a via fusion. This example shows that it is an interesting 
question to determine the nature of "composed" sectors a'^^o) {k E N) in the general 
case as we have done for the case n = 2 in §8.3. 
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For general completely rational A, we note that the grading G'(r*^°^) = by the 
remark after the definition of grading in §8.3. Now if cxi is an irreducible twisted DHR 
representation of ;B, by Lemma 8.3 the grading G{ai) is a complex number such that 
G'(ci)" — 1- Assume that G{ai) — e~^r^ , 1 < k < n — 1. Let 02 be any irreducible 
DHR representation of B such that t^^^^ >- a^- By (1) of Lemma 8.3 G{a-}) — and 
if // -< 0x02 is an irreducible DHR representation of jB, then = 1. It follows from 
Lemma 8.3 that is non-twisted whose nature is determined in Cor. 8.4. By using 
Frobenius duality, we conclude that o\ ~< /2r*^°^ . This observation shows once again 
the importance of t^^^ and suggests that it is an interesting question to determine the 
nature of r*^°^ {k e N) in general case. This question is related to the question in the 
previous paragraph by Lemma 8.1. 

9 Generalizations and the case of two-dimensional 

nets 

Results and proofs in this paper remain valid with weaker assumptions. We replace 
axiom D by the following ones: 

• Reeh-Schlieder property, ft is cyclic for A{I) , I & I. 

• Modular PCT: The modular conjugation of (^(5'"'"), VL) corresponds to the reflec- 
tion z ^ z S^. (By Mobius covariance the modular conjugations associated 
with all intervals have then a geometric meaning.) 

• Factoriality. A{I) is a factor for all / G X. 

• Equivalence between local and global intertwiners: If fi, v are finite-index en- 
domorphisms localized in the interval /, then Hom(/i, = Hom(/i/, ui) as in 
[25]. 

If C is a local conformal net on the two-dimensional Minkowski spacetimc M? (see 
[30]), let A be the restriction of C to the time-zero axis: A{I) = C{0) where O is the 
double cone with basis /. Then A satisfies all the above properties hence our results 
do apply. In particular we then have: 

Theorem 9.1. IfC is a local conformal net on the two-dimensional Minkowski space- 
time. The following are equivalent: 

(i) A is not completely rational; 

(ii) ^id{pi) — 00 (sum over all irreducible sectors); 

{Hi) (A ® A)^^^ has an irreducible sector with infinite dimension. 

The rest of our results have analogous extensions. 
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A Mob*^^^ covariance in the strongly additive case 

Let E he & symmetric n-interval of S^, namely E = \fl for some / e X. With 
IqjIi,--- In-\ the n connected component of E, by the spht property we have a natural 
isomorphism 

Xe ■■ A{h) ® A{h) A{In-i) A{h) V A{h) V • • • V A{In-i) = A{E) . 

A state of the form 

(/? = ((/70 (/^l <8) • • • ® <Pn-l) • Xe^ 

on A{E), where ipk is a normal faithful state on A{Ik) and ipk — (fio-Ad{U{R{2k'!r/n)), 
is called a rotation invariant product state. 

We state here a formula for the modular group of A{E), that extends to the general 
case the formula by Schroer and Wiesbrock [51] in the example of the ?7(l)-current 
algebra, see [43]. 

Proposition A.l. There is a rotation invariant product state (p on A{E) such that 
the corresponding modular group cr'^ of A{E) is given by 

af = AdU^''\Ai{-2nt)) \A{E) 

where A/ is the the lift to Mob^"^ of one parameter subgroup of Mob of generalized 
dilation associated with I (see [25]) and C/^"^ = U ■ M^") is the unitary representation 
of M6b("). 

Corollary A. 2. Let A be a strongly additive local conformal net on with the split 
property. Then every representation of A with finite index is Moh^'^^ -covariant with 

positive energy, for all n eN. 

Proof As A is strongly additive, every finite index sector is Mob-covariant with 
positive energy by [24]. 

Fix n and let AdU^"'\g) be the action of Mob^"^ on A given in Sect. 2. Let p be a 
finite-index localized endomorphism. We may assume p to be localized in an interval 
which is a connected component of a symmetric n-interval E = \fl. 

With {Af^{t)} C Mob(") the one-parameter dilation subgroup, denote by at = 
Adt/^"-* • A^"'''(— 27rt) the corresponding rcscalcd action on A. 

We have to show that pt = at • p ■ a^ ^ is equivalent to p for every i e R, namely 
that there is a unitary Zt G A{E) such that 

p — Adzt ■ at ■ p ■ aj^ ; (59) 

having the covariance with respect to A^""* , by changing the interval / we then get the 
covariance with respect to M6b^"\ 

By the Prop. A.l a restricts to the modular automorphism group of A{E) with 
respect to ip. With $p the left inverse of p \ A{E), by [40] the Connes [15] cocycle 
Zt — [Dip ■ $p : ip)t e A{E) satisfies 

p{x) = Adzt ■ at ■ p ■ a^^(x), x e A{E), 

hence we obtain eq. (59) by strong additivity. □ 
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B Frobenius reciprocity for global intertwiners 



In this section we show that Th. 3.21 of [4] (also cf. (4) of Lemma 8.1) holds for 

global intertwiners when A/" is a conformal subnet of conformal net Ai with finite 
index. Note that we do not assume strong additivity conditions for the net J\f as in 
[4], but we consider global intertwiners. We will use the notations in §3 of [4] and refer 
the reader to [4] for unexplained notations. Fix an interval /q. Let A4 he a conformal 
net on a Hilbert space H and Ai, A2 be two DHR representations of A4 localized on 
Iq. Define 

Hom(Ai,A2) := {x e B{n)\x\ij{m) = A2,j(m)x,Vm G M{J),WJ}. 

Hom(Ai,A2) will be called the space of global intertwiners from Ai to A2. Its di- 
mension will be denoted by (Ai,A2). The elements of Hom(Ai./„, A2,/|,) := {x G 
A4{Io)\xXijQ{m) = X2,io{m)x,\/m G A4{Io)} are referred to as local intertwiners 
from Ai to A2 (locahzed on Iq). Note that by Haag duahty one obviously has 
Hom(Ai,A2) C Hom(Ai^7(,, A2,7o). The following simple lemma tells us when a local 
intertwiner is global. 

Lemma B.l. Let I be an open interval which contains the closure of Iq. If x & 
M{Iq) n Hom(Ai,7, A2,7), then x G Hom(Ai, A2). 

Proof By definition we can cover any interval J by 7 and a finite number of intervals 
Ih such that 7jfc G By the additivity of M we have A^(J) C V (VfcA^(7jfc)) 

and the lemma follows from the definitions. □ 

Now let A, (3 be DHR representations of M and JV[ respectively localized in Jq, and 
ap be the DHR representation of M localized on Iq obtained from restriction of /3 to 
jV. Assume that ax is a DHR representation of M.. We have the following theorem: 

Theorem B.2. (q;a,/3)x = {X,afj)j^. 

Proof We will adapt the proof of Th. 3.21 of [4]. Choose an interval / as in the 
Lemma B.l. We can choose a Q-system {'~fi,v,w) for the inclusion A/"(/) C M.{I) 
so that 7j extends to a canonical endomorphism of M.{I) into A^(/) for all intervals 
/ D / so that (7/, V, w) Q-system for C M{I). 

First we show the inequahty "<". Let t G }iom{ax, (3). By Haag duality we have 
t G M.{Io) and r = ^{t)w G Af{Io). The argument on Page 25 of [4] shows that 
r G Hom(A/, ((7/3)7). By Lemma B.l we have r G Hom(A, cr^j). By Lemma 3.4 of [4] 
the map t — > r is injective, thus "<" is proved. 

We now turn to prove ">" . Suppose that r G Hom(A, ap) is given. By Haag duality 
r G M{Io), and so t = v*r G M{Io), s = j{t) G A/'(/o). Clearly s G B.om{{6X)i, (a^s)/) 
since r is a global intertwiner. It follows by Lemma B.l that s is also a global 
intertwiner, and so Lemma 3.20 of [4] applies. The rest of the proof is exactly the 
same as the proof on Page 26 of [4] . □ 
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